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CMPTER I. INTRODUCTION 
Preamble 
J&nlclnd today possesses the power to alter the face of the earth on a 
scale vmparalleled in history. This comes about partially because there 
simply are more people on earth now than ever before. Of equal importance 
are the advances of technology and the accumulation of machines that enable 
man to control an increasing flow of non-human energy. 
Possession of power requires that decisions be made about its use. 
The greater the power available, the greater are the consequences of 
mking these decisions. Clearly, if man is to benefit from the power that 
he has developed, and do so without further degrading the hospitality of 
the earth for himself and his fellow creatures, he must make wiser decis­
ions than he has in the past. 
Surface mining is an activity of man about which the U.S. has recently 
reached some decisions. Reclamation of mined land is now established by 
law as a national policy. Implementation of that policy, however, still 
requires decisions as to exactly how such reclamation should be carried 
out. 
Three models for saturated ground water flow are analyzed in this 
thesis. Each of the models represents a situation that could be encountered 
in surface mine reclamtion. Knowledge gained through analysis of these 
models can aid in managing ground water in reclaimed surface mines. In 
addition, the techniques used for analysis are of interest because they are 
significant extensions of previous analytical techniques. 
It is my sincere hope that this work will be to the overall benefit 
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of the community of the Earth by contributing in some way to wise deci­
sion making in surface mine reclamation. 
Introduction 
The three models for saturated ground water flow presented in this 
thesis are suggested by features present at the Iowa Coal Project Demon­
stration Mine #1 (iCPDM). This does not mean that the models are intend­
ed to simulate actual conditions at the ICPDM. Rather, it means that 
certain selected features encountered at the ICPDM are incorporated into 
the models. Fig. 1-1 shows a schematic and idealized cross section of 
the ICPDM as the hillside mine site was planned to be restored after 
mining. The flat bench areas of the terraces are cultivated and the 
backslopes are in grass. The undisturbed surrounding landscape is 
depicted in Fig. 1-1 as being in pasture. The features shown in Fig. 1-1 
form the basis for the models presented in this thesis. 
One such feature shown in Fig. 1-1 is the basic geometry of the 
reclamation plan. The bench terraced design for the surface profile, as 
at the ICPDM, is used in two of the models. In the third model the ICPDM 
type bench terrace design is presented as one of three possible alterna­
tive surface profiles. The geometry of the subsurface interfaces between 
contrasting materials (i.e. the soil-spoil interface, the spoil-
undisturbed material interface, etc.) as found at the ICPDM is also 
carried over to the models. 
A second feature shown in Fig. 1-1 is segregation of the "soil" and 
"spoil" portions of the overburden. The "soil" consists of topsoil and 
glacial till; while the "spoil" consists of siltstone and acid shale. The 
Fig. 1-1. Idealization of the bench terraced reclamation scheme at the ICPEM 
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soil and spoil materials have different hydraulic conductivities. In 
two of the models this difference in conductivities is idealized by con­
sidering the interface between soil and spoil to be a barrier to seepage. 
This idealization is supported by some field observations of infiltration 
rate.^  
On the other hand, some features of the ICPDM were not included in 
the models. These features were excluded from the models because they 
introduced unnecessary detail or because they would make the models less 
applicable to most reclamation situations likely to be encountered in the 
future. An example of a feature of this type is the relatively thin 
"topsoil" layer actually present at the ICPDM, but not considered at all 
in this thesis. 
The models will now be described individually. A literature review 
of pertinent previous work follows the model descriptions. 
The objective of the drainage model (Model I), as fully described 
and developed in Chapter II, is to analyze agricultural subsurface drain­
age as it might be applied to a terraced, reclaimed surface mine. Steady 
state Dupuit-Forchheimer theory is used as the analytical tool. The major 
assumptions inherent in the model are l) uniform hydraulic conductivity of 
the soil layer, 2) a terraced barrier to seepage, and 3) one tube drain 
per terrace. The results obtained by analyzing tMs model are l) equations 
for the water table shape, 2) a set of water-table curves for several 
S^. B. Affleck, Department of Agronomy, Iowa State University, private 
communication, 1977. 
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alternative drain locations, and 3) a table of optimal drain locations 
for a given drain depth and recharge-to-hydraulic-conductivity ratio. 
The objective of the deep seepage model (Model II), developed in 
Chapter III, is to find the flow lines for saturated flow through a uni­
form overburden. Flow lines are found for three surface profile geometries 
for comparison. The analytical technique used is the Gram-Schmidt ortho-
normalization technique applied to solutions of Laplace's equation with 
boundary conditions as stated in the model. The major assumptions are 
steady rainfall resulting in complete saturation of the overburden and a 
replaced overburden of high uniform hydraulic conductivity as compared to 
surrounding undisturbed material. The computer programmed solution 
developed is applicable to any surface profile that is piecewise linear. 
Results, including plots of streamlines, are presented for three surface-
profile options. A major conclusion is that some surface profiles result 
in much greater flow through the overburden than do others. 
The surface layer model 'yModel III, Chapter YJ) has as its objective 
the calculation of the flow pattern through a terraced soil layer, as in 
the drainage model, but with no subsurface drains in place. Again, the 
Gram-Schmidt technique is used. Here, however, it is necessary to use a 
successive approximation technique to match two Gram-Schmidt solutions 
with different coordinate origins. This is a ne?/ approach to application 
of the Gram-Schmidt technique. Complete saturation of the soil layer is 
assumed. A barrier at the lower boundary of the soil also is assumed. 
The results are presented in the form of plotted streamlines, which show 
exactly where upward seepage can be expected on the lower portions of the 
terrace backslope. 
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The assumption of complete saturation for the second model (Chapter 
III) and the third model (Chapter IV) may seem extreme. Or it may be noted 
that the permeability assumptions of the second model contradict the per­
meability assumptions of the other two models. There are reasons for this. 
First, the second and third model's usefulness, as I see it, is in con­
sidering the "worst case" condition, which is complete saturation. Second, 
the relative permeability of the various portions of the overburden may 
depend on the mining method. Hence, the first and third models consider 
relative permeabilities as they were found by Affleck^  at the ICPEM where 
scrapers were used for earthmoving, while the second model considers a 
situation that might be encountered where a cast overburden mining tech;-
nique (dragline) has been employed. 
Literature Review 
The ICPCM and the mining operations there are described in general in 
Iowa Coal Project reports to the Iowa Legislature (Iowa State University, 
1975, 1977). Anderson, e^  aJ^ . (1977) describe the mine restoration plan 
and the costs involved. Colvin (1977) created steady state models of 
oxygen diffusion and measured oxygen diffusion coefficients at the ICPDM 
site. His objective was to find out how thick a soil layer is needed in a 
mrtieular situation to prevent excess oxidation of iron pyrite in spoil 
beneath the soil layer. Gregory (1977) developed a hydrologie model to 
predict runoff, soil loss, pH in surface runoff, and soil moisture and 
calibrated his model with data obtained at the ICPDM. 
The overall literature on surface mining and surface mine reclamation 
is rather extensive, but there seems to be relatively little literature on 
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mathematical modeling of groundwater movement as specifically applied to 
mine reclamation situations. Fischer (1976) develops some hydrologie 
models for surface mined land. One of his models calculated one dimen­
sional infiltration and redistribution of water near the surface of the 
soil. Crosby e^  al. (1977 ) developed a model for flow through a ponded 
spoil bank. Mousavi (1978) developed some models for a mineland seepage 
problem at the Hull Site in southeast Iowa. 
One of the most important considerations in setting up the models 
presented here is the hydraulic conductivity of the disturbed material 
backfilled into the mine pit as compared to the hydraulic conductivity 
of the undisturbed surrounding material. There is data available on 
this subject. 
1 
Affleck has found that the hydraulic conductivity of the ICPDM 
spoil, consisting of the siltstone and acid-producing shale portions of 
the overburden, is quite low, in the range from zero to one cm per day. 
Affleck also found the conductivity of the till and subsoil at the ICPDM 
to be one to ten cm per day and he found the conductivity of the topsoil 
to be about 60 to 70 cm per day. These results are at variance with what 
appears elsewhere in the literature. 
Rogowski (1977), for instance, found that in large caissons (2.4 m 
diameter) filled with mine spoil material the hydraulic conductivity was 
greater than 189 cm per hour. A similar caisson with a topsoil layer 
showed a much slower infiltration rate, indicating a hydraulic conductiv­
ity for the soil less than that for the spoil. Geidel and Caruccio 
(1977) say that, "In most reclaimed mine sites the high permeability of the 
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backfilled material prevents the water table from mounding to the shallow 
horizons." Similarly, Herring (1977) states, "Studies to date indicate 
cast overburden aquifers have greater transmissivities, greater recharge 
and greater discharge than do aquifers in the unmined overburden." 
The reconcilliation of these contrasting findings is found by con­
sidering the mining method employed. The construction-type scrapers and 
bulldozers employed at the ICPM tend to compact the replaced overburden, 
while draglines or wheel excavators used in cast overburden mines leave 
the overburden in a "loose" condition. Model II, therefore, was created 
to represent a situation similar to a cast overburden mine, while Models 
I and III represent a situation similar to that found at the ICPDM. 
The principal emphasis in most studies of mine hydrology has been 
to assess the pollution potential of runoff and seepage water, the two 
principal pollutants being sediment and acid (see, for instance, the Coal 
Mine Drainage Symposia papers published by the National Coal Association, 
"Washington, D.C.). îvbdels II and III yield streamlines of groundwater 
flow through the replaced overburden, and are therefore of interest with 
regard to possible pollution of this groundwater. The Environmental Pro­
tection Agency (1973) has said that buried pollution-forming materials 
"must be placed in a favorable hydrologie setting, where contact with 
oxygen and leaching waters will be reduced." Models II and III can help 
in locating positions in the spoil where thepe will tend to be little 
groundwater movement. 
Model I, on the other hand, is intended to aid in design of agri­
cultural subsurface drainage for a terraced reclamation scheme, as at the 
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ICPDM. Subsurface drainage is important because, as found by Fausey and 
Schwab (1969), plots having subsurface or combined surface-subsurface 
drainage had greater yields of soybeans (Glyine max) than plots with only 
surface drainage. There is much published literature on subsurface 
drainage by means of tube drains (tile). Powell (1973) analyzed flow 
through bedded soil with tile drains and also has a nice literature 
review on subsurface drainage. The problem of subsurface drainage on a 
terraced hillside with a terraced barrier layer as presented here 
(Chapter II) had not previously been solved, however. 
The models will be treated individually in the succeeding chapters. 
The literature pertaining to specific mathematical techniques used in the 
models will be cited as necessary for each individual model and will, 
therefore, not be included in this literature review section. 
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CHAPTER II. MODEL I - AGRICULTURAL DRAINAGE 
Introduction 
The reclamation procedure at the ICPDM was to segregate the over­
burden as it was removed and to replace it sequentially in a bench-
terraced configuration. The bench terraces were employed to enhance the 
feasibility of row-crop production on the reclaimed hillside mine site 
(Anderson, ej^  al., 1977). The need to reclaim mined land for crop pro­
duction can reasonably be expected to increase in the future. Agricul­
tural drainage of such land, is therefore, an important research topic 
today. 
The purpose here is to apply subsurface drainage theory to a model 
of a terraced, reclaimed hillside to find the best lateral location for 
tube drains, assunang a given drain depth. This is accomplished in five 
steps. First, a model to represent a reclaimed mine is created. The 
objective for this model is that it reasonably represent those particular 
hydrologie features of the ICPDM that will and should carry over to future 
reclamation efforts. The model is simplified to the extent possible with­
in this objective. Second, steady-state Dupuit-Forchheimer (D.F.) theory 
is applied to a version of the model that includes one tube drain per 
terraee. This yields equations for the water-table shape for a given loca­
tion of the tube drain. Third, a definition of the optimal lateral drain 
location is presented, and a method for finding the optimal drain location 
is developed. Fourth, the results of the D.F. analysis are used to cal­
culate the water-table curves for several alternative drain locations. 
Fifth, the optimal lateral drain location is found at two drain depths 
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and three recharge rates. In addition, some comments will be made on 
D.F. theory as applied herein and as others have used it in related 
problems. 
The Model 
The model is based on a cross section of a portion of the ICPEM as 
schematically illustrated in Fig. 2-1. The "soil" layer of Fig. 2-1 
represents the topsoil, subsoil, and glacial till removed from the site 
as overburden in the mining operation and then replaced in the reclama­
tion effort. At the ICPDM, the "soil" layer consists of a 46 cm (l8-in) 
thick topsoil layer on top and a 2.6 m (8.5-ft) subsoil and glacial till 
mixture beneath. For the purpose here, these two layers are lumped to­
gether into "soil" in Fig. 2-1. Doing this is justified for at least two 
reasons. First, in developing a design frr drainage by using steady-
state D.F. theory, the calculated steady-state water table should be below 
the topsoil layer and thus will not enter into the steady-state D.F. 
analysis. Second, inclusion of the topsoil as a separate layer into a 
general solution would unnecessarily increase the complexity of the 
mathematics. Now consider the "spoil" layer. 
The "spoil" layer at the ICPDM consists mainly of the siltstone and 
acid-producing shale portions of the overburden. Unpublished data of 
Affleck^  indicate that the infiltration rate into the "spoil" layer is 
much slower than for the "soil" layer. In view of the acid-producing 
nature of the spoil at the ICPDM, this low infiltration rate is desirable 
to prevent acid leaching. In future mine replamation, it may, in fact, be 
desirable to assure a low rate of percolation through the spoil by compact­
ing it. The model therefore, regards the soil-spoil interface as a 
•i 
14 
barrier to seepage. 
The agricultural drainage model for the reclaimed mine can now be 
described. It consists of a layer of uniform soil, as in Fig. 2-1, 
resting on a barrier at the soil-spoil interface. In Fig. 2-2, a version 
of this model is presented that includes tube drains (one per terrace) and 
an associated water table, along with assumed steady, uniform recharge R 
from above. The assumption of steady, uniform recharge is a common one, 
which is justified by Childs' (i960) finding that intermittent recharges 
are equivalent to a single steady-state recharge for a sufficiently long 
period of drainage. The soil surface in Fig. 2-2 is represented as a 
dotted line because it is assumed initially that it is of whatever thick­
ness necessary to keep the water table beneath the soil surface everywhere. 
The assumption simplifies the mathematics necessary to find the water-
table shape. And the assumption can be checked for validity in a parti­
cular situation after a plot of the water-table shape has been obtained. 
Because the terraces in Fig. 2-2 form a repeating pattern on the 
slope, with one tube drain located in the same relative position on each 
terrace, it will be sufficient to mathematically analyze only the region 
between the lines AB and CD. The solutions for the other terraces will 
be identical because of the periodic nature of the model. The terraces at 
the ICPIM are not, in reality, identical, but we have assumed identical 
terraces here for simplicity. We now are ready to define some notation 
that will be necessary for the mathematical analysis. 
The region of Fig. 2-2 between the lines AB and CD is depicted in 
Fig. 2-3 with additional notation. The soil surface does not appear in 
Fig. 2-3 because it will not enter into the mathematical analysis. The 
TUBE DRAIN 
WATER TA BŒ 
SOIL SURFACE 
SOIL 
BARRIER 
Fig. 2-2. A model of the postreclamtion mine-site profile with tube drains in place 
WATER TABLE 
BARRIER 
C 
Fig, 2-3 .  The portion of the model of Fig. 2 between lines AB and CD with additional notation 
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K in Fig. 2-3 indicates a uniform hydraulic conductivity in the region 
above the barrier. An origin (O) of (%,y) coordinates is taken for con­
venience at the shown point at which the horizontal and sloped portions of 
the barrier intersect. The four points (left, drain, origin, and right) 
(x^ , JJ), (XP, yjij), (Xq, YG), and (x^ , y_) also are necessary for the 
analysis and are indicated in Fig. 3. The curved line is the as yet un­
determined water table on which the four points lie. The description of 
the location of each of the four points is: l) The coordinate x locates 
the line AB. The width of the horizontal portion of the barrier, which is 
also the width of the horizontal (and farmable) portion of the terrace, is 
|x^ |. The y coordinate of the water table at x = is y^ . 2) The point 
(Xp, y^ ) is the location of the subsurface drain tube. 3) The point 
(xq, Yq) = (0, y^ ) gives the y coordinate of the water table above the 
origin of coordinates. 4) The point (x^ , y^ ) gives the horizontal extent 
of the terrace backslope (|xgj) and the y coordinate of the water table 
(y^ / at the right boundary of thG rsgxon (line CD), The angle cc also is 
shown on Fig. 2-3, and a symbol a defined by a = tan a is introduced here. 
Notice in the figure that a (and hence a) is negative. Before proceeding 
to the mathematical analysis, some nunerieal values that will be of impor­
tance are now presented. 
The following are based approximately on the actual dimensions of 
the terraces constructed at the ICPDM: 
a — —0.4 
x^  = -38.10 m (-12$ ft) 
= 7.62 m (25 ft) 
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Soil Thickness = 3.05 m (10 ft) 
The value of the terrace width ( |x^ | = 125 ft) is slightly different from 
the final design value of the terrace width (|x^ | = 120 ft). The final 
design value is an acconmodation to most combinations of farm machinery. 
In the analysis, the recharge-to-conductivity ratio R/K is important. 
It is important because the form of the mathematical solution depends on 
whether (a - 4RA) is greater than, equal to, or less than zero. To get 
an idea of reasonable values of R/K for the geographical area near the 
ICPDM, R was taken to be equal to the drainage coefficient published by 
the Soil Conservation Service (1973) for the northern humid area. This 
value is 0.95 cm (3/8 in) per day. Next, the Soil Survey of Mahaska 
County, Iowa (Soil Conservation Service, 1977 ), was consulted to find 
estimated values of permeability (hydraulic conductivity, K) for the 
Clinton soil series, which is the predominant soil series on the ICPEM 
site. The Clinton series also is common throughout Mahaska County. A 
weighted average of K for Clinton soils was then calculated to be 59 cm/ 
day, assuming tint the permeability of the 203-305 cm (80-120 in) deep 
portion of the Clinton profile is the same as for the 147-203 cm (58-80 in 
in) deep portion. The resulting R/K value is 0.016. Accordingly, to 
approximate the value 0.016 and cover a range, R/K values of 0.02, 0.01, 
and 0.005 were used in the computations. All these R/K values give 
(a^  - 4R/K) > 0 (a = -0.4). 
Mathematical Analysis 
Water-table curves 
The geometry of the model leads to two relations that are needed 
later. The first is a consequence of the repeating nature of the 
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geometry and says that the points (x^ , y^ ) and (x^ , y^ ) (of Fig. 2-3) must 
both be an equal vertical distance above the barrier. This leads to the 
relation 
= 12-1] 
The second relation is equivalent to stating that each drain tube must 
carry off an amount of flow equal to the product of the drain spacing and 
the recharge rate, or 
Q = R(x^  - x^ ). [2-2 ] 
With Eq. [2-1] and [2-2] established, D.F. theory can now be invoked. 
In D.F. theory, the rate of flow, q(x), across a plane perpendicular 
to the X axis may be expressed as (Kirkham and Powers, 1972, p. 90) 
q(x) = -K h dy/dx, [2-3] 
where K is the hydraulic conductivity, y is the y coordinate of the free 
water surface (water-table) at x, and h is the cross sectional height 
through which water flows between the barrier and the free surface. Eq. 
[2-3], combined with three expressions of the continuity of flow, allows 
one to set up three coupled differential equations. The solutions of 
these three differential equations are the equations for the water-table 
shape. 
The continuity expressions may be found by considering, in Fig. 2-4, 
the flow q(x) crossing planes normal to the x axis for three fixed values 
of X called r, s, and t, such that < r < x^ , x^  < s < 0, and 0 < t < x^ . 
In Fig. 2-4, nine circled numbers, 1, 2, ..., 9, identify nine points 
Fig. 2-4. The model with flow notations for continuity conditions 
Rlrl 
q(r) 
q (o) 
7-7-7-T 7/ / / / y'T 
x-r x-s 
BARRIER 
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that are used in writing the three continuity expressions. Consider first 
q(t), the flow across the plane x = t between the points 4 and 5. By 
continuity, the sum of all flows into the region delineated by points 3, 
4, 5, 6, 3 mist equal the outflow, so the first continuity equation is 
q(0) + R|t| = q(t), [2-4] 
where q(0) is the flow crossing the plane x = 0 between the points 3 and 
6, and R|t|, meaning R multiplied by |t|, is the recharge to the water 
table between points 5 and 6. No flow crosses the barrier between points 
3 and 4. By a similar analysis for region 2, 3, 6, 7, 2, the second 
continuity equation is 
q(s) + R|s| = q(0). [2-5] 
For the region 1, 2, 3, 6, 7, 8, 9, 1, an additional term Q, given by 
Eq. [2-2], mast be introduced to account for water leaving the region 
via the tube drain. Q is denoted as flowing outward perpendicular to the 
paper at point 8 in Fig, 2-4 by the conventional point in a circle 
(arrow point coming out of the paper). The third continuity equation 
thus is 
q(r) + R|r| = q(0) + Q. [2-6] 
After rearranging^  substituting Eq. [2-2] for Q, and eliminating the 
absolute value signs, Eq. [2-4], [2-5], and [2-6] become, respectively 
q(t) = q(0) + Rt, [0 < t < x^ ], [2-7] 
q(s) = q(0) + Rs, [x^  < s < 0], [2-8] 
23 
q(r) = q(0) + Rr + R(x^  - x^ ), < r < x^ ]. [2-9] 
Use of X for r, s, and t and use of Eq. [2-3] leads to the three 
differential equations. Note that h of Eq. [2-3] is given by y for 
x^  < X < 0 and by (y - ax) for 0 < x < x^ . An unknown constant C of 
dimensions length is introduced and defined by q(0) = -KG. With these 
substitutions the differential equations are 
-K(y - ax) dy/dx = -KG + Rx, [0 < x < x^ ], [2-10] 
-Ky dy/dx = -KG + Rx, [x^  < x < 0], [2-11] 
-Ky dy/dx = -KG + Rx + R(x^  - x^ ,^ [x^  < x < x^ ], [2-12] 
Before integrating Eq. [2-10], [2-11] and [2-12], it is convenient 
to put them in homogeneous form (see Dwight, 1961, 890.4 or Sokolnikoff 
and Sokolnikoff, 1934, p. 228) by using coordinate transformations. Eq. 
[10] with variables x and y is transformed to Eq. [2-13] with variables 
x' and y' by the transformations in the brackets beside Eq. [2-13]. 
Similarly, Eq. [2-11] in x and y is transformed to Eq. [2-14] in x' and 
y by the transformations beside Eq. [2-14], and Eq. [2-12] in x and y is 
transformed to Eq. [2-14] in x" and y by the transformation in brackets 
beside Eq. [2-15]. The homogeneous differential equations thus found 
are 
dy'/dx' = -(R/K) x'/(y' - ax'), [x' = a - (K/R)C, 
y' = y - (aK/F)C, for 0 < x < x^ ], [2-13] 
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dy/dx' = -(R/K) x'/y, [x' = x - (K/R)G, for x^  < x < 0], [2-14] 
dy/dx" = -(R/K) x"/y, [x" = x - (K/R)C + (x^  - x^ ), 
for x^  < X < x^ ]. [2-15] 
Passing over Eq. 2-13 for the moment, note that Eq. [2-14] and 
[2-15] can he readily integrated, with the known position of the drain 
tuhe (xg^ y^ ) as one of the integration limits. Doing the integration of 
Eq. [2-14] and [2-15] "by simple separation of variables gives, after 
back substitution for the transformed coordinates x* and x", equations 
for the water-table shape in the region x^  < x < 0 as 
y = {y^  ^- (R/K)[(x - KC/nf - (x^  - KC/R)^ ]}^ /^  , 
[Xg < X < 0], [2-16] 
Evaluating Eq. [2-16] at the right end of its interval (x = O) and Eq. 
[2-17] at the left end of its interval (x = x^ ) gives, respectively, the 
expressions for y^  and y^  as 
y = {y^  ^- (R/K)[(x - KC/R + x^  - x^ f - (Xp - KC/R + x^  
FO = - (B/K)[(-KC/R)^  - (Xp - KC/R)2]}l/2 [2-18] 
y^  = {y^  ^- (R/K)[(x^  - KC/R + x^  - x^ f 
- (Xg _ KC/R + x% - x^ 2^]}l/2 _ [2-19] 
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The value of the constant C, which appears in Eq. [2-16], [2-17], 
[2-18] and [2-19] and other previous equations, is as yet undetermined. 
It will be found by integration of Eq. [2-13] and application of Eq. 
[2-1], [2-18], and [2-19] as boundary conditions on the integrated Eq. 
[2-13] • An iterative procedure will be necessary to solve for C and to 
determine the water-table y coordinates in the region 0 < x < x^ . 
Integration of Eq. [2-13] is facilitated by making the substitution 
V = y'/x'. Performing the substitution and rearranging gives 
(1/2) ( 2v - a -) dv - a dv 
V - av + R/K 2(v - av + R/K) 
+ dx'/x' = 0. [2-20] 
The first and third terms of Eq. [2-20] are easily integrated directly. 
The second term is integrated with the help of Dwight (1961, formula 
160.01). 
There are three integrated forms of the second term, depending on the 
2 
value of the quantity (a - 4R/K). With the value of a given previously 
2 _ 
as -0.4, it is found that the quantity (a - 4tt/'K) is positive for each of 
the three values of R/K that apply here; they are R/K = 0.005, R/K = 0.01, 
and R/K = 0.02. Choosing the integrated form appropriate for (a - 4R/K) 
> 0 and making the substitution b = (a^  - 4R/K)^ ^^  gives the integrated 
form of Eq. [2-20], after multiplying through by 2, as 
Mv - av + R/K) - (a/b) &n V - a/2 - b/a 
V - a/b + b/a + 2 %n z' = E, [2-21] 
where E is a constant determined by the boundary values, which are the 
coordinates (Xgjy^ ) and (%g,y^ )' Eq. [2-21] may be simplified by using 
the identity 
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- av + R/K = (v - a/2 - b/2)(v - a/2 + b/2), 
(where b is defined preceding Eq. [21]) and the substitution 
V = y'/x' , 
to give 
(1 - a/b) Jlnjy' - (x'/2)(a + b)| + (l + a/b) &n|y' 
- (x'/2)(a - b) |  = E. [2-22] 
Eq. [2-22], after replacing x' and y' with x' = x ~ (K/R)C and y' = 
y - (aK/R)C, is an implicit equation for the (x,y) coordinates of the 
water table in the region 0 < x < x^ . The constants C and E, however, 
still remain unknown. 
To find C, one begins by using the coordinate transformation formula 
associated with Eq. [2-13] to find 
x'% = x% - KC/E. [2-23] 
Similarly, the y' transformation associated with Eq. [2-13] is used, 
together with Eq. [2-1] and [2-19], to find 
y'a = - (R/K)[(%L - xc/R + 2% - 1^ )2 
- (xp - KC/R + x^  - x^ )2]}l/2 + axj^  - aKC/R. [2-24] 
Again, using the x' transformation associated with Eq. [2-13], together 
with the fact that = 0, one finds 
x'o = -KC/R . [2-25] 
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Finally, using the y' transformation associated with Eq. [2-13] together 
with Eq. [2-1] and [2-18], one finds 
y'o = - (R/K)[(- KC/af - (Xg - KC/R)2]l/2 _ aKC/R . [2-26] 
Inspection of Eq. [2-23], [2-24], [2-25], and [2-26]reveals that each may 
be viewed as a function of the single unknown C. With this in mind, one 
may evaluate Eq. [2-22] at (x'q(C), y*g(C)) and at (x'^ XC), y'^ (C)) and 
take the difference to eliminate E. After combining log terms, there 
remains 
(1 - a/b) &n 
y 'o(o) - (1/2) x'q(C) (a + b) 
y'^c) - (1/2) i '%(C) (a + b) 
+ (1 + a/b) An 
y'o(c) - (1/2) X o(C) (a - b) 
y'a(G) - (1/2) I R(C) (a - b) 0 . [2-27] 
Discussion of Eq. [2-27] will be simplified by considering the 
numerators and denominators of the log terms as foui' separate functions of 
C, f^ Cc), fgtC), gqCC), and g^ {C), so that Eq. [2-27] becomes 
(1 - a/b) toi 
fo(c) 
fjcj + (1 + a/b) toi 
go(c) 
= 0 . [2-28] 
Because f^ , f^ , gg, and g^  are known functions, Eq. [2-28] can be solved 
for C. But a complication arises. Eq. [2-28] has multiple real roots. 
Only one of the roots represents a solution with physical meaning. This 
root is found by imposing on Eq. [2-28] the restriction that the ratios 
[fQfCjj/fgfC) and [ggCC)]/g2(C) be greater than zero. A rationale for 
this requirement is as follows. 
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Consider Eq. [2-22] written as follows by substituting f[x,y(x,C)], 
with 0 < X < x^ , for the argument of the first log term and g[x,y(x,C)], 
with 0 < X < Xj^ , for the argument of the second log term. The result is 
(1 - a/b) &n|f[x,y(x,C)]| + (l + a/b) &n|g[x,y(x,G)]| = E. [2-29] 
Here, y(x,C) is the solution we seek for the water-table shape, with C 
satisfying Eq. [2-28]. If we compare Eq. [2-28] and [2-29], there 
results 
f[xQ,y(xQ,C)] = fgCC), 
and 
f[x^ ,y(x^ ,C)] = fgtC). 
Now suppose that [f^ CC)]/f2(C) < 0 and that y(x,C) is continuous on 
0 < X < Xp^ . It follows that there must be a point x^  on 0 < x < x^  
such that f[x^ , y(x^ ,C)] = 0. Eq. [2-22], however, cannot hold at x = x^  
unless y is double valued. It irsist be concluded that, for f^ /fg < 0 
there can be no solution y(x,C) that is continuous on 0 < x < x^ . 
A similar argument holds for g^ /gg < 0. 
In the numerical work to find C, values of C that made the ratios 
[fq(C )]/:^ (C ) and [gg(C )]/g2(C ) greater than zero were first found, either 
by solving explicitly for the interval on which C yielded positive ratios, 
or by guessing. Values of C satisfying the ratio test were then used 
until two values of C, and C^ , were found such that the left-hand side 
of Eq. [2-27] evaluated at was of opposite sign from the left-hand 
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of Eq. [2-27] evaluated at C^ . With C satisfying Eq. [2-27] known to 
be in the interval < C < C_, successive reductions of the interval 12
could he made, and C found to any desired degree of accuracy. In 
Appendix A is a program used to find the left-hand side of Eq. [2-27] on 
a Monroe 1880 programmahle calculator. 
With C determined, the water-table curves could be plotted by using 
an equation derived from Eq. [2-22]. First, the primed coordinates were 
eliminated from Eq. [2-22] by substitutions from the transformation 
equations associated with Eq. [2-13]. Then, the constant E was evaluated 
by using (xq(C), as a boundary value. With these modifications, 
Eq. [2-22] becomes 
(1 - a/b) &n|y - aKC/R - (x - KC/R)(a + b)/2| 
+ (1 + a/b) &n|y - KC/R - (x - KC/R)(a - b)/2| 
= (1 - a/b) &n|y - aKC/R - (-KC/R)(a - b)/2| 
+ (1 + a/b) Mjy^  - aKC/ïl - ( -KC/'R)(a - b)/2j, 
[0 < X  <  x % ] .  [2-30] 
A numerical method ("FORTRAN" digital computer Subroutine RTfH) was used 
with Eq. [2-30] to find y values for given x values. The computer program 
is in Appendix A, Eq. [2-30] applies to the water-table range 0 < x < Xj^ . 
For the range x^  < x < 0, Eq. [2-16] and [2-17] give y explicitly as a 
function of x. 
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Optimal drain location 
With equations developed that will give the theoretical water-table 
shape corresponding to any drain location, one is in a position to define 
and find the optimal drain location. The optimal location is defined to 
be the location resulting in the "lowest" water table beneath the hori­
zontal portion of the terrace. The word "lowest", in the sense used here, 
has a precise meaning that will become clear as the necessary notation for 
finding the optimal location is established. The lowest water table is, 
of course, desirable to give the crop plants the deepest possible unsatur­
ated root zone. 
In Fig. 2-5 some new notation is introduced; namely, the dimensions 
a, and |x^ |, and the point finding the optimal drain location. 
Fig. 2-5 is, except for the new notation, essentially the same as Fig. 
2-3 and includes much of the notation introduced in Fig. 2-3. In Fig. 2-5, 
however, the water-table curve shown is one actually computed from Eq. 
[2-30], [2~16], and [2-17], rather than a schematic oijrve; as in Fig, 
2-3. 
In Fig. 2-5, |xj^ l is the length of the horizontal portion of the 
terrace, where it is desired to keep the water table low. The points 
(x ,y ) and (x. ,y,) are the two local maxima that occur on the water table 
mm jj j-t 
in the interval x^  ^^  x ^  0. In what follows, it has been assumed that 
the water table curve has two similar maxima. This assumption has been 
found to be satisfactory for finding the optimal drain location for the 
situations that are analyzed here. There are instances in which the 
assumption is not valid, however. 
Fig.2-î>. Water table with maxima at points (x^ ,yL ) and (x ,y ) j_f Xj m m 
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One can now define the absolute maximum height of the water table on 
the interval x, < x < 0 to be the greater of and y , which is designated 
L — L In 
as Yj^ . But is a function of x^  so that the optimal drain location is 
defined as the value of x^  where ^  is minimum. 
To proceed, expressions for y^  and y^  are needed. Eq, [2-19] 
gives y^ . To find an expression for y^ , first note from Fig. 2-5 that 
the plane x = x^  is a drainage divide. The flow across the plane x = 0 was 
previously defined to be -KG. One therefore has, by equating expressions 
for flow across the plane x = 0, the relation 
R Ixj^ l = - KC . [2-31] 
with I defined by Fig. 5 one also has 
I y = -%D - % |2-$] 
Combining Eq, [2-31] and [2-32] and solving for Si gives 
a - — Xp + KC/R . 
Because the barrier is horizontal in the region being considered at the 
moment, standard D.F. formulas can be used to relate & and y^ . With the 
notation used here, Eq, [3-9] from Kirkham and Powers (1972, p. 91) 
becomes 
« K/E (y j  -  y/)  .  
Rearranging and substituting for & gives 
= [(R/K)(-Xp + KC/R)^  + yp2]i/2 [2-33] 
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With expressions for and y knom, a graphical method was used to 
Jj in 
find the optimum drain location. By plotting both y^  and y^  as functions 
of Xp, remembering that is defined as the larger of y^  and y^  at a 
given Xg, the optimal value of x^  could be picked out by finding the mini­
mum of Y,,. The minimum of Y , it turns out, occurs where the graphs of y.. 
MM JU 
and y cross. Fig. 2-6 is an example of one such plot of y, and y versus 
m L m 
|xg|, where the optimal value of turns out to be 33-21 m (109 ft). 
Results and Discussion 
Application of the equations derived in the mathematical analysis 
section to the numerical values of geometric and hydrologie parameters 
stated in the model section gives results that are presented here in the 
form of water table curves and a table of optimal drain locations. Under­
standing of the curves, table, and associated text will be easier if the 
reader not already familiar with the notation will refer back to Fig. 2-2, 
Fig. 2-3, and the associated text in the model section of this chapter. 
Water-table curves 
Fig. 2-7 is a water table curve computed for the terrace dimensions 
of the reclaimed mine as stated in the model section. The assumed values 
of R/K and y^  for the curve of Fig. 2-7 are 0.010 and 0.61 m (2 ft), 
respectively. The tube drain location in Fig. 2-7 corresponds to the cusp 
in the curve, which is at = -33.51 m (-110 ft). In Fig. 2-7 and the 
other figures to follow, the vertical scale is exaggerated by a factor of 
five as conçared with the horizontal. 
In Fig. 2-8, two water-table curves are superimposed on the same 
graph. Water table A is the curve for a tube drain located laterally at 
Fig. 2-6. Plots of and vs points of intersection yield, 
optimum value of for given y^  
sÛ 
lf\ 
C\î 
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Fig. 2-7. The wa.ter-table curve when the drain location is near its "best" position; for 
"best," 
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Fig. 2-8. Two water tables, A for a drain located at = -38.10 m(- 125 ft) and N for a drain 
located at = 0. A keeps the water table lower than N 
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Xg = = -38.10 m (-125 ft). This location is where the barrier begins 
to rise to the next upslope terrace. Water table N is the curve for a 
tube drain located laterally at Xq. This location is where the backslope 
begins to drop from the terrace. For these two curves, all parameters 
(Xj^ , R/K, a, x^ ) except drain tube location (x^ ) are identical. Again, 
as in Fig. 2-7, assumed values of R/K and are 0.010 and 0.61 m. 
In Fig. 2-9, curves A and N appear again, along with 12 other curves. 
The other curves correspond to various intermediate locations of the drain 
tube. The only parameter changed from one curve to the next is the drain 
location, x^ . Examination of Fig. 2-9 indicates that curve C represents a 
near-topimum drain location because, for curve G, y. and y are nearly 
equal (1.68 m and 1.76 m, circle and square points shown near the inter­
section of the curves of Fig. 6). Curve C is the same curve as the curve 
of Fig. 7 and corresponds to an x^  value of -33.51 m (-110 ft). The 
computer program for plotting the water table curves is in Appendix A. 
Optimal drain location 
Table 2-1 gives optimal values for the drain tube location x^  and the 
corresponding maximum water table height for six combinations of the 
parameters R/K and y^ . In the table, R/K values of 0.005, 0.01 and 0.02 
are combined with y^  values of 0.61 m (2 ft) and 1.83 m (6 ft). In Table 
2-1, the optimal values of the drain location are seen to be relatively 
insensitive to large changes in the R/K and y^  parameters. For instance, 
halving or doubling R/K makes, at the most, a five-percent difference in 
the optimum value of x^ . The value of Y^ , however, changes from 1.95 m 
(6.40 ft) to 2.89 m (9.47 ft) when R/K changes from 0.005 to 0.02. 
Fig. 2-9. Water tables A through N for 14 possible locations of the tube drain. The tube drain 
position in each case is at the cusp of the curve. Of the curves shown, curve C 
(shown individually on Figure 7) has the lowest maximum value of y (circled points) 
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Table 2-1. Optimal drain tube position for two values of and corresponding 
optimal water-table heights y^  is the distance of the drain above 
the barrier, and R/K is the recharge to hydraulic conductivity ratio; 
figures in brackets are "normalized" values found by dividing by the 
terrace width (38.10 m) 
R/K 
0 .005 0. 010 0, ,020 
0.61 m 
- 33.59 m 1.27 m - 33.13 m 1.74 m - 32.52 m 2.48 m 
(2.0 ft) (-110.2 ft) (4.17 ft) (-108.7 ft) (5.70 ft) (-106.7 ft) (8.15 ft) 
[0.016]* [-0.882] [0 .0331 [-0.870] [0.046] [-0.854] [0.065] 
1.83 m - 36.76 m 1.95 m - 35.14 m 2.28 m - 33-56 m 2.89 m 
(6.0 ft) (-120.6 ft) (6.40 ft) (-115.3 ft) (7.47 ft) (-110.1 ft) (9.47 ft) 
[0.048] [0.965] [0.051] [-0.922] [0.060] [-0.881] [0.076] 
*This bracketed value is given by 0,61/38.10 = 0.016; the other bracketed values are 
similarly computed 
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With the aid of Table 2-1, the actual water-table depth can be com­
puted where the water table is closest to the soil surface. For the 
situation with R/K = 0.010 and = 0.61 m (2 ft), is found as 1.74 m 
(5.7 ft). If the total soil thickness is 3.05 m (10 ft., as at the ICPDM), 
then the water table is always at least 1.31 m (4.3 ft) beneath the soil 
surface. 
Comments on D.F. theory, work of others 
Several authors have treated the drainage problem of land with a 
uniform sloping subsurface barrier, both from a theoretical and experi­
mental point of view. Schmid and Luthin (1964), Childs (1971), and 
Towner (1975) have published papers on theory, and Guitjens and Luthin 
(1965) and liferei and Towner (1975) have presented experimental results. 
These authors do not include a horizontal segment in the barrier. The 
theory for drainage on the sloped portion of the terraces in this thesis 
generally follows Schmid and Luthin (1964), although somewhat different 
notation and coordinates have been used to permit inclusion of the hori­
zontal segments. Tube drains have been assumed, although the theory more 
nearly represents an actual situation of drainage ditches. 
Childs (1971) and Towner (1975) disagree with the Schmid and Luthin 
approach because it assumed "horizontal" streamlines. Childs and Towner 
assume streamlines parallel to the sloping barrier. The different 
approaches could equivalently be viewed as a difference in slot orienta­
tion in the Kirkham (1967) slot-slab model of a D.F. soil. Schmid and 
Luthin implicitly assumed vertical slots, and Childs and Towner implicitly 
assumed slots perpendicular to the barrier. 
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Here the D.F. slots have been implicitly assumed to be vertical 
because about five-sixths of the barrier dealt with here is horizontal, 
but only one-sixth is sloping. All the other papers cited in this 
section deal with a sloping barrier of uniform slope. 
The experimental work of Quitjens and Luthin (1965) indicated that 
D.F. theory is significantly in error for uniform slopes of greater than 
30 percent. The sloped portion of the barrier in the model presented 
here has a 40-percent slope, but, as a compensating factor, the average 
slope for the entire flow region is only about seven percent. 
Another factor tending to compensate for the error introduced by 
the steep backslopes in the model presented here may be a lower actual 
recharge rate (more surface runoff, less infiltration) on the backslopes 
than on the horizontal areas. New work will be necessary to compare the 
theoretical results presented here with experiment. In Chapter IV, exact 
(potential theory) analysis will be used to find the flow pattern in a 
completely saturated backslope when no drains are present. A steady 
rainfall solution for the backslope flow when the rainfall rate is not 
sufficient to saturate the soil everywhere remains to be developed. 
Conclusions 
Dupuit-Forchheimer (D.F.) theory has been developed for terraced, 
reclaimed land that is formed after a strip-mine operation. The objec­
tive was to analyze a drainage situation geometrically similar to one at 
the Iowa Coal Project Demonstration Mine Number One. The reclamation was 
done there by constructing a series of bench terraces and slopes. The 
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terraces are nominally 38.10 m (125 ft) long, and the slopes 7.62 m 
(25 ft) long. A single tube drain per terrace was assumed and water 
tables were plotted for various assumed positions of this drain. The 
optimum lateral position for the drain was found. The best position for 
the drain is 33.21 m (109 ft) from the downslope edge of the terrace 
bench, or 4.87 m (16 ft) from the toe of the backslope when the recharge 
to hydraulic conductivity ratio is 0.010 and the drain depth is 2.44 m 
(8 ft). Table 2-1 shows the best drain position for various other 
situations. In general, the best drain position is beneath the terrace 
bench and relatively near the toe of the upslope terrace. 
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CHAPTER III. MODEL II - DEEP SEEPAGE 
Introduction 
At the ICEDM, the surface of the restored land is in a series of bench 
terraces. In other reclamation efforts the land is usually restored to a 
more-or-less uniform slope. What effect, if any, can these surface profiles 
have on the pattern of seepage flow deep into the overburden? The model 
created in this chapter is an attempt to answer this question, at least 
for an idealized situation. 
To create a model capable of comparing seepage flow patterns caused 
by different surface profiles it was necessary to establish some basic 
geometric constraints, the applicable boundary conditions, and the mathe­
matical technique to be used. The geometric constraints were chosen such 
that comparisons could be made between situations representing realistic 
alternatives for replacement of the overburden. The boundary conditions 
were established by considering the relative hydraulic conductivity of 
backfilled material as compared to undisturbed material (see Chapter I). 
The mathematical technique is based on the modified Gram-Schmidt method 
as presented in Kirkham and Powers (1972) and elsewhere. 
Jfethematical Analysis 
Geometry 
The geometric constraints for the model are based on the idea of 
placing a fixed volume of disturbed mterial into a "pit" of fixed shape, 
but allowing the possibility of different shapes for the resulting sur­
face. This concept is illustrated in two dimensions in Fig. 3-1. In 
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the model to be presented here it is assumed that the flow is two-
dimensional in the plane of Fig. 3-1. It is also assumed that the 
volume of the replaced material in Fig. 3-1 is such that one possible 
surface profile is the one connecting the points C and B by a straight 
line. A "pit" with a horizontal bottom and vertical walls is also as­
sumed. An origin of (x,y) coordinates is chosen as shown in Fig. 3-1. 
Three shapes of the surface along CB were selected to be studied by 
the model. One was a uniform slope, one was a four-terrace configura­
tion, and one was a one-terrace configuration. The three shapes are 
illustrated in Fig. 3-2 by the three lines with end points C and B. 
Based on the actual dimensions of the ICPDM as illustrated in Fig. 4 of 
Send le in, et al. (1977), it was decided that the average slope for CB 
should be five percent for each shape and that the distance ratio 00:OA 
(of Fig. 3-1) should be 1/40. Therefore, with L of Fig. 3-1 normalized 
to 1.0, the coordinates of the numbered points on each of the three 
shapes of Fig. 3-2 were chosen as shown in Table 3-1. 
The four-terrace shape of Fig, 3-2 was selected for analysis because 
it corresponds approximately to the actual situation at the ICPDM where 
the terraced design was chosen to enhance the feasibility of row-crop 
production. The surface slope of 40 percent from one terrace to the next 
is the same as the slope used at the ICPDM. The uniform-slope shape of 
Fig. 3-2 was chosen because it approximates the usual reclamation pro­
cedure of "regarding to the original profile." The one-terrace shape is 
included because it, like the four-terrace shape, provides for flat land 
for row-crop production, yet is a significant departure from the four-
\ ' \ t 1 M M ( t I 
LOWER PIT 
WALL 
REPLACED 
MATERIAL 
PIT BOTTOM 
UPPER PIT 
WALL 
O 
Fig. 3-1. Disturbed material (spoil) replaced into pit COAB with surface profile CB 
Fig. 3-2. Three surface profiles CB selected for analysis. The x and y coordinates of the 
numbered points are givem in Table 3-1 
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Table 3-1. Values of x and y for the points shovm on profiles CB of Fig. 3-2. Here L has 
been taken to be 1.0 
Uniform slope Four terrace One terrace 
Point No. X y X y X y 
1 0 . 0  2. 5 X 10"^ 0 . 0  2 . 5  X  1 0 - 2  0 . 0  2 . 5  X 10-2 
2 1 . 0  7. 5 X 10-2 2.5 X 10"^ 3 . 5  X  1 0 " ^  6 . 2 5  X  1 0 - 2  5 . 0  X 10-2 
3 2 . 4 3 7 5  X  1 0 " ^  3 . 5  X  1 0 - 2  9 . 3 7 5  X  1 0 " ^  5 . 0  X 10-2 
4 2 . 6 8 7 5  X  1 0 " ^  4 . 5  X  1 0 - 2  1 . 0  7 . 5  X 10-2 
5 4 . 8 7 5  X  1 0 " ^  4 . 5  X  1 0 - 2  
6 5 . 1 2 5  X  1 0 " ^  5 . 5  X  1 0 - 2  
7 7 , 3 1 2 5  X  1 0 " ^  5 . 5  X  1 0 - 2  
S 7 . 5 6 2 5  X  1 0 " ^  6 . 5  X  1 0 - 2  
9 9 . 7 5  X  1 0 " ^  6 . 5  X  1 0 - 2  
10 1 . 0  7 . 5  X  1 0 - 2  
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terrace shape, provides for flat land for row-crop production, yet is a 
significant departure from the four-terrace design. As with the four-
terrace shape, the sloped portions of the surface in the one-terrace 
design also have a slope of 40 percent. 
Boundary conditions 
Boundary conditions for groundwater flow at boundaries OA, AB, and 
OC of Fig. 3-1 were all taken to be the condition that no flow cross 
these boundaries. This is reasonable in view of the observations of 
Rogowski (1977), Geidel and Caruccio (1977), and Herring (1977) that back­
filled material is often much more permeable than undisturbed material 
(see Chapter I for more discussion of this). The model also assumes that 
rainfall, R in Fig. 3-1, keeps the entire volume of backfilled material in 
a saturated condition. The boundary condition on boundary CB is, there­
fore, that the potential (head) at each point be equal to the y coordinate 
of that point, as in Powers (1966), because it is assumed that surface 
runoff carries excess water off without ponding. That is, the free water 
surface coincides with the soil surface. The shape of the surface in 
Fig. 3-2 thus determines the boundary condition on boundary CB. 
The problem of finding the flow pattern for this situation may be 
considered a steady state potential flow problem. Therefore, the solution 
is found by solving Laplace's equation and applying the boundary condi­
tions. Selim and Kirkham (1972) solved this problem for a surface of "ar­
bitrary" shape. They used the modified Gram-Schmidt method of Powers, 
 ^al. (1967). Kirkham and Prunty (1977) solved the "arbitrary shape" 
problem for a surface consisting of two linear portions, one flat and one 
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sloped. The method used in this thesis differs from any presented 
before in that integrals necessary to apply the method to an "arbitrary, 
piecewise-linear" shape are found in analytical form. 
The boundary conditions applying to Fig. 3_l and stated previously 
in words may be expressed mathematically as: 
Along Ok K II = 0 , [BC 3-1] 
• Along AB K -g- = 0 , [BC 3-2] 
Along BC (!) = y^ Cx) , [BC 3-3] 
Along OC K II = 0 , [BC 3-4] 
where 
K = hydraulic conductivity (L/T), 
(|) = potential function (L), 
yg(x) = surface y coordinate at x. 
The hydraulic conductivity is assumed to be uniform and constant. In 
[BC 3-3] the soil surface coordinate is used because it is also the free 
water surface. If ponded water was present, then y^ fx) would be the water 
surface. 
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Potential function 
By use of separation of variables, a solution of Laplace's equation 
satisfying [BC 3-1], [BC 3-2], and [DC 3-4] is 
1'  jo \ C08(mx/1) (0<X<L) [3-11 
where, with "(L)" denoting a dimension of length, 
= arbitrary constants (L). 
h = maximum value of y(x) on 0 ^  x < L (L). 
The modified Gram-Schmidt method provides a means for selecting such 
that [BC 3-3] is satisfied to some degree by "closeness" by setting the 
upper limit of summation of Eq.[3-1] to some finite value N rather 
than 00. Bessel's inequality as a measure of "closeness" will be introduced 
later. For now, consider Gram-Schmidt coefficients, A^ ,^ selected so that 
(j) approximates [BC 3-3] "closely." Then 
eoSlS/L) 13-21 
m-u 
where 
A^  ^= Gram-Schmidt coefficients (L). 
The Gram-Schmidt coefficients are written with a double subscript because, 
unlike ordinary fourier series, the mth coefficient will in general change 
if the total number of terms N in the approximation is changed. The Gram-
Schmidt approximation to [BC 3-3] nay be written as 
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N 
\ 4m (0 < X < L), [3-3] 
m-0 
where 
cosh(mTTy (X)/L) 
V") = eosh(miTh/L <^ °=( ""/!•)• 
The Gram-Schmidt coefficients are actually evaluated "by first creating 
from the set of functions u^ (x) an orthonormal set of functions, then 
finding "Fourier" coefficients for the orthonormal set. Kirkham and 
Powers (1972) give the details for finding the (Gram-Schmidt co­
efficients) by a set of recursion relations which require evaluation of 
the integrals 
L 
Wjjj = / y^ (x) ujx) dx (m = 0,1, 2 , . , .  ), [3-4] 
0 
and 
= / u^ (x) u^ (x) dx (m = 0,1,2,...; 
° n = 0,1,...m-l,m). [3-5] 
Boast (1969) gives a computer subroutine for finding the given the 
w and u . 
m mn 
In this work is a piecewise-linear function. Therefore, the 
integrals for w^  and u^  were broken into segments corresponding to the 
linear segments of y (x). That is, w and u can be expressed as 
s m mn 
p Vl 
w = Z / (a. + 3.x)u. (x)dx, [3-6] 
m 1 1 im 
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p *1+1 
where 
p = number of linear segments on 0 < x < L 
= y intercept of ith linear segment 
3^  = slope of ith segment 
cosh[m'tr(a^ . + 3,.x)/L] 
"im COS = ,sto(lh/L^ oos(«VL) 
cosh[mT(a. + 3.x)/L] 
''to " cc,sh(nTh/L) <!Os(nnA) 
Xj = X coordinate of the left end of the ith linear segment. 
What is needed, therefore, are expressions for the integrals 
"im ' ' °°cnsWD/T.f'^' c:os{lMx/L)ax, [3-81 
and 
i^mn ~ ^  
" .os(^ VL»d., 13-9] 
where 
x^  = left end of the ith interval, 
x^  = right end of the ith interval, 
a = y intercept of the linear segment of the ith interval, 
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3 = slope of the linear segment of the ith interval. 
These integrals are evaluated in Appendix B. The computer program for 
the integrals and for the is also in Appendix B. 
Convergence 
The question of how close Eq. [3-3] is to being a true equality 
now returns. This question involves the completeness of the set of 
functions u^  and the convergence of the series. The usual approach 
taken to evaluating the closeness of the series in using the Gram-Schmidt 
method is to a) examine graphs of the true boundary condition versus the 
series approximation and b) evaluate Bessels inequality (Battikhi, 1977; 
Powell, 1973; Boast, 1969; Powers, 1966). Boast (1969) discusses measures 
of "closeness," convergence and completeness for the Gram-Schmidt method 
at some length. Both methods a) and b) will be used to evaluate 
"closeness" in this thesis. Kirkham (1972, p. 499) gives an expression 
for Bessel's inequality which may be written for the problem here as 
/ y (x) dx 
0 ® 
where 
A^  = Gram-Schmidt coefficients, 
D., = a "normalization" coefficient in the Gram-Schmidt 
N 
method, 
y^ (x) = surface profile function. 
If the left-hand side of Bessel's inequality approaches 1, then the 
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"squared error" for the approximation is small, although convergence at 
every point is not guaranteed. 
Stream function 
Using the Cauchy-Riemann relations ( 3K(|)/3x = 3K(|)/Sy = 
- 3^ /9x) from Kirkham and Powers (1972, p. 105), the expression for the 
stream function for this model is found to be 
• = - j/ sin(«rVL), 13-11] 
where 
K = hydraulic conductivity (L/T). 
The streamlines for the flow are found by plotting lines of constant ip. 
The streamlines are also flow lines because this is a steady state 
situation. 
The usual procedure for plotting streamlines in the Gram-Schmidt 
method has been to normalize the stream function so that the normalized 
stream function has a minimum value of zero and a maximum of one in the 
region. Here, however, it is desired to compare the relative amounts of 
flow for the different surface profiles as well as the flow pattern. 
Therefore, K was arbitrarily set equal to 1.0. A Ai|; was then selected 
that allowed six streamlines to be plotted for the surface profile of 
minimum flow. The same Aij; was then used on each of the other surface pro­
file situations. The value of Aij; will be found shortly. 
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Results 
Potential function 
Figs. 3-3, 3-4, and 3-5 show how well the Gram-Schmidt method approxi­
mated the potential along the different surface profiles for N = 60. The 
solid line is the potential to be approximated and the crosses are the 
potentials approximated at certain points hy Gram-Schmidt. Bessel's 
inequality, as calculated from Eq. (10) was computed for each of the 
surface shapes. Table 3-2 gives some values of Bessel's inequality for 
Table 3-2. Bessel's inequality values for the three slope 
shapes 
Shape 
Even slope 
Four terrace 
One terrace 
N = 60 
0.9999999 
0.9999289 
0.9999575 
N 
0.9999766 
0.9980397 
0.9965822 
N = 0 
0.9230769 
0.9486166 
0.9896907 
h of the shapes. The computer programs for generating the Gi 
Schmidt coefficients (which closely follows Boast, 1969) and for finding 
and plotting the surface potentials are in Appendix B. 
The convergence of the series approximation to the actual potential 
at N = 60 was judged to be adequate in view of Fig.3-3, 3-4, and 3-5 
and Table 3-2. The pointwise convergence is clearly not as good for the 
terraced situations as for the uniform slope situation. Still, the 
departures from the desired potential are relatively small. The greatest 
departure of the series approximation from the actual potential on 
Fig. 3-5, for instance, occurs at x = 0 and appears to be equal to about 
Fig. 3-3.  Gram-Schiaidt approximation (crosses) to the boundary condition and the boundary 
condition itself (solid line) for the uniform-slope situation. N is 60 
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one-fourth of the difference in elevation "between successive terraces. 
All other departures plotted were much smaller. 
Stream function 
In Figs. 3-6, 3-7, and 3-8 the values of the stream function at the 
soil surface for the uniform-slope, four-terrace, and one-terrace con­
figurations, respectively, are plotted as functions of x. Eq. [3-11] was 
used to make the computations with N = 60, the as found previously, 
and K, the hydraulic conductivity, arbitrarity set equal to 1.0. The 
computer program for computing and plotting these stream function "pro­
files" is in the Appendix A. The "noise" of wavelength approximately 
0.03 is due to the high order terms in the Gram-Schmidt approximation. 
Examination of Figs. 3-6, 3-7, and 3-8 shows the maximum ip values to 
be approximately 3.3 xlO"^  for Fig, 3-6, 8.3 x 10"^  for Fig. 3-7, and 
11.2 X 10"^  for Fig. 3-8. The value to be used for Aijj was, therefore, 
chosen, to give reasonably complete sets of graphs of ijj versus x for 
comparison purposes, to be 0.5 x 10"^ , meaning that 1) for the uniform 
slope there will be six streamlines to plot, 2) for the four-terrace 
slope there will be 16 streamlines to plot, and 3) for the one-terrace 
slope there will be 22 streamlines to plot. The stream function plots of 
Fig. 3-7 and Fig. 3-8 show that some of the streamlines may have two or 
more noncontinuous segments. For instance, from Fig. 3-8 it is seen 
that the streamline i|; = 0.2 will be present for 0.01 < x < 0.10 and for 
0.92 < X < 0.99, but not for 0.10 < x < 0.92. The v/ay the streamlines of 
certain stream function values may and may not appear in portions of a 
flow region may also be seen in Selim and KirMiam (1972, p. 411, Fig. 8). 
3~6. Stream function value (PSI) at the soil surface versus x for the uniform—slope 
situation 
PSI  (X)  
XL 
Fig. 3-7. Stream function value (PSI) at the soil surface versus x for the four-terrace 
situation 
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Fig. 3-8. Stream function value (PSI) at the soil surface versus x for the one-terrace 
situation 
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Streamlines 
The pattern of flow through the hillside as predicted by the model is 
now presented. Fig, 3-9 is the flow pattern for the uniform slope situa­
tion, with the six streamlines. Fig. 3-10 for the four-terrace slope with 
the 16 streamlines, and Fig. 3-11 for the one-terrace slope with the 22 
streamlines. It is to be remembered that the same flow, 0.5 x 10~ 
3 
cm /cm/sec per unit value of hydraulic conductivity, is contained between 
any adjacent pair of lines in each of the 3 figures. Fig. 3-9, 3-10, and 
3-11. 
Fig. 3-12 shows a section from the center of Fig. 3-10 with equal 
horizontal and vertical scales. The computer programs for producing the 
plots of Figs. 3-9, 3-10, 3-11, and 3-12 are presented in Appendix B. 
Several additional features of these plots should be pointed out. 
The vertical (y) scales on Figs. 3-9, 3-10, and 3-11 are magnified 
by a factor of 10 compared to the horizontal scales. Magnification of 
the vertical length scale is often done to enhance visual perception of 
surface features that would otherwise appear mostly flat. In publica­
tions using the Gram-Schmidt method, however, no such distortion is 
normally introduced because it is desired to present "flow nets" with 
orthogonal streamlines and equipotential lines. Distortion destroys the 
visual perception of orthogonality. 
In this thesis the primary concern is with finding the location and 
concentration of the streamlines. Plotting of equipotentials in the 
distorted Figs. 3-9, 3-10, and 3-11 would not add any desired information, 
would clutter the plots, and would add confusion because of the 
Fig. 3-9. Streamlines for the uniform-slope situation. Note the magnified vertical scale 
STREAMLINES 
Fig. 3-10. Streamlines for the four-terrace situation. Note the magnified vertical scale 
08 
Fig. 3-11. Streamlines for the one-terrace situation. Note the magnified vertical scale 
o STREAMLINES 
Fig. 3-12. Streamlines near the center backslope region of the four-terrace situation. The 
vertical and horizontal scales are equal. This plot was completely computer 
generated. Failure of some of the streamlines to meet the horizontal soil surface 
(equipotential ) perpendicularly is due to slight errors in the Gram-Schmidt 
approximation 
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nonorthogonal appearance of plots with magnified vertical length scales. 
On the other hand, magnified vertical scales are needed to enhance the 
visibility of the features of interest. Therefore, streaialines only are 
presented in Figs. 3-9, 3-10, 3-11, and 3-12, and a magnified vertical 
scale is used on Figs. 3-9, 3-10, and 3-11. 
Each pair of adjacent streamlines in Figs. 3-9, 3-10, 3-11, and 3-12 
represents a "stream tube" carrying an equal amount of flow. It is clear, 
then, that the terraced configurations have regions of highly concentrated 
flow when compared to the uniform slope situation. The terraced configura­
tions, however, also have regions of almost no flow, while the flow for 
the uniform slope is spread evenly throughout the region. 
Index of seepage 
It is of interest to calculate an "index of seepage" S for each of 
the surface profiles. This quantifies the relative total flow seeping 
through (into and also out of) each of the profiles at any instant. It 
can be calculated with the aid of Figs. 3-6, 3-7, and 3-8. The index is 
defined as 
s = "-12I 
where 
S = index of seepage, 
if; = the relative maximum values of & on 0 < x < 1.0, 
max  ^ ' 
m^in ~ relative minimum values of ^  on 0 < x < 1.0. 
For Fig. 3-6, for instance, there is one at x = 0.85. There 4* = 
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3.28 X 10"^ . The relative minima at x = 0 and x = 1.0 do not count 
because 0 and 1.0 are not included in the region for iIj . . Examination 
mm 
of Fig. 3-6 gives directly, then •= 
S = 3.3 X 10"3. 
For Fig. 3-7 there are five relative maxima and four relative minima 
(the short wavelength "noise" "being ignored). Thus "by examining Fig. 
3-7, 
S = [0.60 + 0.80 + 0.85 + 0.90 + 0.40 
- 0.01 - 0.02 - 0.05 - 0.05] x 10"^ , 
or 
8 = 3.42 % IQ-Z. 
Finally, for Fig. 3-8 there are two relative maxima and one relative 
minima, or 
S = (1,17 + 1.13 - 0.00) X 10"^  = 2.30 x 10'^ . 
Summarizing, we have 
Sq = 3.3 X 10"^  
8 = 34.2 X 10"^  
= 23.0 X 10"3 
where the subscripts mean 
0 = uniform slope, 
4 = four-terrace slope 
1 = one-terrace slope. 
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These indices show that the rate of water leaching through the backfilled 
material may be as much as ten times as great for the terraced situation 
as compared to the uniform slope situation. On the other hand, locations 
near the bottom of the "pit" beneath the center of the flat portion of 
the terraces should have very little water movement. These locations 
may be favorable for burial of pollution forming material because con­
tact with leaching waters will be reduced, as required by the Environ­
mental Protection Agency (1973, esp. p. 80). 
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CHAPTER IV. MDDEL III - SURFACE LAYER SEEPAGE 
Introduction 
The model presented in this chapter seeks to find the pattern of 
saturated flow in the soil layer of Fig. 1-1 when the spoil mterial is 
relatively impermeable compared to the soil and the soil layer is kept 
saturated by rainfall. These relative permeabilities of the soil and 
spoil agree with the situation encountered at the IGPDM, The terrace 
geometry of the model is also based on the actual practice at the IGPDM. 
The mathematical analysis of the flow for this model again, as in Chap­
ter III, uses the Gram-Schmidt method to find the steady-state potential 
flow. As in Chapter III, the boundary condition on the surface is that 
the potential be equal to the vertical coordinate value at each point on 
the surface because surface runoff carries off excess water in a thin layer. 
Here, however, a successive approximation (iterative) technique is used 
to find the required boundary condition on part of the boundary. Khan 
(1973) used an iterative technique along with the Gram-Schmidt method to 
find the free water surface for a groundwater mound. In the model pres­
ented here, however, two separate Gram-Schmidt method solutions to the 
potential flow problem are found for two distinct, but overlappiiig, 
regions. The missing boundary condition for each region is successively 
approximated by evaluating the boundary values generated by the solution 
in the other region. I am not aware of any other work that has used this 
particular technique. 
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Mathematical Analysis 
Geometry 
Fig. 4-1 shows the soil layer in which we wish to find the steady-
state flow paths for saturated flow. It may be noted that the soil 
layer of Fig. 4-1 is identical in shape (except for reversal in the left-
right directions) to the soil layer considered in Chapter II and shown in 
Fig. 2-2. Here, as in Chapter II, identical terraces may be considered 
to continue indefinitely to the left and right. The flow region to be 
considered explicitly in the model developed in this chapter is confined 
to the region enclosed by AO^ O^ BCDEFA of Fig. 4-1. It will be shown 
later that confining attention to the smaller region does not result in a 
loss of information because almost all of the flow is confined to regions 
close to the terrace backslopes. 
In Fig. 4-2 the region AO^ OgBCDEFA of Fig. 4-1 is shown enlarged and 
with additional notation. 0 is the origin of (x,y) coordinates as shown, 
and y = 0 will be used later as the reference level for the hydraulic 
head. 0^  and Og are origins for two (r,B) coordinate systems with 0 
taken positive clockwise for 9^  and counterclockwise for 0g. The (r,0) 
coordinate system with origin at 0^  will be used to obtain a potential 
flow solution for the region AO^ OgDEFA, henceforth called region A. The 
(r,0) coordinate system with origin at 0 will be used to obtain a 
D 
potential flow solution for the overlapping region BCLO EDGE, henceforth 
D A 
called region B. M is the same distance for O^ F and for O^ C. M will be 
used as a characteristic length to normalize the equations for the 
potential function (j>. The shown angles a and 3 are the characteristic 
I I ) I "l t ) ) 
C SOIL SURFACE 
SOIL 
BARRIER 
Fig. 4-1. Soil layer on a terraced slope. Flow paths will be found in the region AC^ CgBCDEFA; 
R is rainfall of intensity sufficient to maintain the soil saturated and with a thin 
layer of water over the soil surface 
Fig. 4-2. Notation used for. setting up the Gram-Schmidt solutions. 
region A and 0^  is the origin for region B 
The point 0^  is the origin for 
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angles associated with regions A and B, respectively. 
Boundary conditions 
The boundary condition along AO^  O^ B is that no flow cross this 
boundary. The boundary condition along FEDC is that the potential be 
equal to the y coordinate along this boundary. The boundary conditions 
on AF and BC are unknown. The boundary conditions on O^ D, necessary for 
D 
finding the potential flow solution in region A (AO^ O^ DEFA), are likewise 
unknown. Similarly, the boundary conditions on O^ E, needed for the 
region B (BOgO^ ECDB) solution, are unknown. 
In this thesis the boundary conditions on AF and BC are assumed to be 
equipotentials. Specifically, the potential on AF is taken to be equal to 
the y coordinate of point F and the potential on BC is taken to be equal 
to the y coordinate of point B. It will be shown later that the equi-
potential assumption is valid for the situation considered in this 
thesis, where R is taken to be four times as large as d. 
The unknown boundary conditions on O.E and 0„D are found by a 
A D 
successive approximation method. First, O^ D is taken, as the zeroth 
approximation, to be an equipotential with potential equal to the y 
coordinate at D. Then the potential flow solution for region A 
(AO^ OgDEFA) is found and this solution is used to calculate the potential 
on O^ E. This calculated potential is then used as the first approxima­
tion to the boundary conditions on O^ E when solving the potential flow 
problem for region B (BOgO^ EDCB). The potential flow solution for region 
B is then obtained and used to calculate the first approximation to the 
value of the potential function and, hence, the boundary conditions on 
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OgD. The process can he repeated to find second, third, and higher 
approximations for the boundary conditions on O.E and 0„D. 
A D 
The boundary conditions applying to Fig. 4-2 may be expressed mathe­
matically, following Powell (1973), as: 
9^ >A 
Along AO^ Og Yi-~= 0, [BC 4-1] 
Along BOgO^   ^30^  = [BC 4-2] 
Along FED = y^ Cx), [BC 4-3] 
Along EDC = y^ fx), [BC 4-4] 
Along AF = yp, [BC 4-5] 
Along BC Og = y^ , [BC 4-6] 
where 
K = hydraulic conductivity (L/T), 
(|)^  = potential function of for region A (L), 
(j)g = potential function of (r^ jSg) for region B (L), 
y^ Cx) = surface y coordinate at x, 
yp = y coordinate of point F, 
y^  = y coordinate of point C. 
The hydraulic conductivity is assumed to be uniform and constant. In 
[BC 4-3] and [BC 4-4] the soil surface coordinate is used because the 
steady rainfall R keeps the soil in the flow region saturated up to the 
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surface, but water flows over the surface only in a very thin layer. 
The boundary conditions on ED and O^ Og are specified twice, once 
for the region A solution and once for the region B solution. The 
boundary conditions on O^ E and O^ D also need to be specified to proceed 
with the solution. They are 
The complete set of boundary conditions applying to region A consists of 
[BC 4-1], [BC 4-3], [BC 4-5], and [BC 4-7]. The complete set of bound­
ary conditions applying to region B consists of [BC 4-2], [BC 4-4], 
[BC 4-6], and [BC 4-8]. To start the successive approximation procedure 
used in this thesis, as mentioned previously, (j)g in [BC 4-7] was taken 
equal to y^ , the y coordinate of the point D. 
Potential function 
Because of the geometry of the problem at hand, as illustrated in 
Fig. 4-2, it is convenient to find the potential functions t})^  and (j)g in 
terms of the polar coordinate systems (rg,8g), respectively. 
The potential functions and (fig must satisfy Laplace's equation in 
polar coordinates, which is given by Beyerly (1959, p. 135) as 
Along OgD [BC 4-7] 
Along O^ E [BC 4-8] 
[4-1] 
where 
r = radius from the origin of polar coordinates (L), 
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6 = polar angle (radians), 
V = potential function of (r,6). 
Powell (1973), van der Ploeg (1970), and Mou^ vi (1978) have used the 
Gram-Schmidt method with functions in polar coordinates to solve various 
drainage, well, and mineland seepage problems. Their solutions involved 
using sums of potential terms which involved both positive and negative 
powers of r. For the problem at hand here, solutions are needed that do 
not go to infinity at r = 0, so only positive exponents of r are allowed. 
A solution of Laplace's equation satisfying [BC 4-1] is 
 ^ cos(iinre^ /a), [4-2a] 
m=0 
where 
r^ /M = normalized radial coordinate, 
0^ /a = normalized angular coordinate 
A^  ^= arbitrary constants (L), 
a = angle a of Fig. 4-2. 
Similarly, a solution of Laplace's equation satisfying [BC 4-2] is 
Og/B) = Z [4-Zb] 
m=0 
v/here 
Tg/M = normalized radial coordinate, 
0g/3 - normalized angular coordinate, 
Ag^  = arbitrary constants (L), 
3 = angle g of Fig. 4-2. 
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The modified Gram-Schmidt method together with the successive approxima­
tion technique described earlier now provides the means for selecting 
the and such that [BC 4-3] through [BC 4-8] are satisfied approxi­
mately. 
Before invoking Gram-Schmidt, boundary conditions [BC 4-3]> [BC 4-5], 
and [BC 4-7] nay be made more succinct by defining a function ) 
such that [BC 4-3]> [BC 4-5], and [BC 4-7] may be written as a single 
boundary condition. Thus we have. 
Along AFEDOg = f^ (8^ /a). (0 1») [BC 4-9] 
Similarly, a function fg(0g/3) may be defined such that [BC 4-4], 
[BC 4-6], and [BC 4-8] are replaced by the single BC 
Along BCDEO^  (jjg = fgCSg/B). (O < 8g < B) [BC 4-10] 
The functional forms of and fg(0g/3) will be expressed explicitly 
u.a.ucx • 
Gram-Schmidt coefficients, A^  ^and Ag^ , are now introduced, as in 
Chapter III, to replace the A^  and A^  ^of Eq. [4-2]. Thus, 
OjCTj/W, 6^ /a) 2 "Is oostmnGa/a), Mrja] 
m=0 
and 
BN 
8g/B) = I cos(mïï0g/3), [4-3b] 
m-0 
where 
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M = the upper limit of the sum in the series approximation 
for 4)^ , 
BN = the upper limit of the summation in the series approxima­
tion for (j)g. 
The Gram-Schmidt coefficients are determined by [BC 4-9] and [BC 4-10] 
such that 
AN 
f^ (e/a)5 Ï [4-4al 
m=0 
where 
and 
where 
cos(mïï0^ /a), 
r^ (^9^ /a) = the radial coordinate of the boundary AFEDOg 
at (O<0^<a), 
BN 
m=0 
*Bm(8B/G) ^  cosfmnBg/B), 
B^b^ ®B^ ^^  = the radial coordinate of the boundary BCDEO^  at 
«B (01 «B1 e)-
It now remains to develop explicit expressions for f^ ( 0^ /a ), 
fg(6g/3) and rg^ (0g/g) in terms of the parameters R, L, b, d, and M of 
Fig. 4-2. 
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Expressions for ) and ) can be found by considering 
Fig. 4-3, which shows region A of Fig. 4-2, and by using some trigonom­
etry. The radial coordinate of the boundary AFEDOg is given 
by 
R/cos (0^ ) 
d/sin (6^ ) 
(0 < < e^ ) 
(«A1 ' »A ' 
'Ab'V" '   *1 d sin(a - IT/2)/cos(E^  - a + 7T/2) 
-L/cos (6^ ) 
(V2 < < e^ , 
(e^ <ej^ <a). u-51 
The derivation of the expression for for (ÏÏ/2 < 8^  < 9^ ) may 
not be immediately obvious. The term d sin(a - Tr/2) is the perpendicular 
distance between the parallel lines 0^ 0^  and ED. The angle (0^  - a + 
ïï/2) is the angle between a line perpendicular to 0^ 0^  and a radius along 
0,. The expression for r.. (0./a) for (ïï/2 < 9. < then follows. The ii. AD A A Ajd 
angles 6^ , 6^  and a are given by 
®A1 " tan"\d/R), 
A2 = ÏÏ - tan~^ [(d + b)/L], 
= tsn"^ (b/L). [4-6] 
The expressions for be written down by referring back to 
[BC 4-3], [BC 4-5], and [BC 4-7] and remembering that M is to be used as 
a normalizing length. The expressions are 
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Fig. 4-3. Region A and associated notation 
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-b/(2M) (0 < 6^  < n/2) 
=<J [r^ (^e^ /a)sin(e^ ) - b/2 - d]/M (ÏÏ/2 < 9^  < 8^ ) 
^^ l{T^ {^Q^ /a)siniQ^ ) - b)M, it/2^ ](0,, < 9, < a), [4-7] 
v: AZ A 
where 
M = /r^  + d^ . 
On the zeroth approximation only, is taken as b/2M on (9^  < 
\ < -)• 
Fig. 4-4 shows region B of Fig. 4-2 and the associated notation. 
The equation for the radial coordinate rg^ (®g/3) of the boundary BCDEO^  
is 
R/cos 9 
B 
d/sin (0 ) 
D 
(0 < 0B < 0Bl) 
(«B1 " «B ' "/-) 
d sin(g - ïï/2)/cos(0„ - 3 + n/2) 
-L/cos(9 ) 
D 
(V2 < «g < «g;) 
"B2 ^ ®B ' [4-8] 
Eq. [4-8] is completely analogous to Eq. [4-5]. The important angles are 
9g^  = tan"^  (d/R), 
Ggg = ^  - tan'l [(d - b)/L], 
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Fig. 4-4. Region B and associated notation 
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3 = TT + tan"^  (b/L). [4-9] 
The boundary condition fg(0g/3) is, therefore, from [BC 4-4], [BC 4-6],and 
[BC 4-8] 
(0 < Bg < n/2) 
fB(6B/e) =< [fBb(GB/G)Gin(8g) + b/2 - d]/M (tt/2 < 0^  < 
+ b)/M, ïï/2a] 
(0B2 < 8g < 3).[4-10] 
As in Chapter III, evaluation of two sets of integrals is necessary 
for each region in order to apply Boast's (1969) computer routine to 
Kirkham and Power's (1972) recursion relations and to thus find the Gram-
Schmidt coefficients. The required integrals are 
V = ^  W") [4-lla] 
A^mr, = / A^j9,/a) u,^ (0,/a) d(6/a). [4-llb] 
and 
B^m ~ Q &(8g/$), [4-110] 
B^mn " q B^n^ ®B^ ^^  ^ (Qb/P). [4-lld] 
For the results presented later in this thesis, these integrals were 
evaluated numerically using FORTRAN subroutine DQSF, The integrals u^  ^
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and remain constant throughout the successive approximation scheme. 
The integrals and however, change as and fg(0g/3) 
change on each successive approximation and must, therefore, be recomputed 
at each stage. 
Convergence 
See Chapter III for a discussion of convergence. The same ideas 
apply here. Bessel's inequality may be written for the A region as 
m 2 
f <1. 
/ fA(8j/a) ^  d(8j/a) 
0 
and for region B as 
MB  ^
 ^ N^BN ^ BN 
< 1, [4-12b] 
; fB(8B/G) 2 dCBg/g) 
o 
where 
MA and MB = the number of terms in the series for which 
Bessel's inequality is to be computed. 
Bessels inequality values are tabulated in Table 4-1 in the Potential 
function subdivision of the Results portion of this chapter. Comparative 
plots of the actual and approximated boundary conditions are also pre­
sented there. 
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Stream function 
The Cauchy-Rionann relations for polar coordinates are given by 
Kreyszig (1967, p. 545) as 
3K(|)/8r = (l/r)(9i|;/90), 
3ii)/9r = (-1/r) (9K(f)/90), [4-13] 
where 
K = hydraulic conductivity 
It should be remembered in Eq. [4-13] that in polar coordinates 0 usually 
increases counterclockwise. For region A of this thesis 0^  increases 
clockwise. Therefore, the right hand side of Eq. [4-13] should be 
multiplied by -1 in order to apply properly to region A. V/ith this in 
mind, Eq. [4-3] and [4-13] lead to 
V '^A^ ' A^Nm sin(mTT0A/a), [4-14a] 
and 
ii)g(rgM 6g/3) s % KAg^  sin(mTT0B/3). [4-14b] 
m=0 
When streamlines are plotted in this chapter, the usual convention 
of plotting constant values of the nomalized stream function will be 
followed. The normalized stream function ip' as used here is the stream 
function divided by the maximum value of the stream function, or 
* '  ° •/•max' 
where 
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}p' = normalized stream function. 
Two values of the stream function (ijj. and are available in the 
A D 
overlap region O^ O^ DEO^  of Fig. 4-2. These values should approach each 
other as the number of terms on the right hand side of Eq. [4-14] in­
creases. In order to define a unique value of the stream function in 
the overlap region, however, a weighted average of and will be used 
for streamline plotting. This average stream function is defined as 
'f'ave = - 2X/L) 4^ + (1 + 2X/L)I J ]^/2, [4-16] 
where 
X = the X coordinate of the point where iD is to be com-
 ^ a^ve 
puted, where x is measured from origin 0 of Fig. 4-2, 
4/^  = the right hand side of Eq. [4-14a] evaluated at the 
point where iD is desired. 
ave ' 
= the right hand side of Eq. [4-14b] evaluated where 
is desired. 
Eq. [4-16] is also used to find of Eq. 4-15 by expressing and 
as functions of x only along ED, then finding the point where 
= 0, [4-17] 
where 
a^ve^ ^^  ~ ^ ave along the line ED as a function of x 
only. 
The value of is then found by evaluating the x value 
where Eq. [4-17] is satisfied. 
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Results 
Parameter values 
Numerical values have not yet "been assigned to R, L, d, and b of 
Fig. 4-2. These values were chosen as, 
L = 10.0 m, 
R = 12.0 m, 
h = 4.0 m, 
d = 3.0 m, [4-18] 
where 
m indicates meters. 
The relative values of b and L are such that the slope on ED and O^ Og is 
0.4, as at the ICPDM. The value of d was chosen so that the soil thick­
ness is about the same as at the ICPDM. Also, b is near the actual value 
of the difference in bench terrace elevations at the ICPDM. The value 
of R was chosen, after seme trial-and-error, so that the distance M from 
0^  to F is approximately the same as the distance O^ D. The distance R 
has to be sufficiently large so that the assumption of an equipotential 
along AF is valid, but small enough so that too many terms are not 
required for convergence of Eq. [4-4]. 
Potential function 
How close Eq. [4-4] is to being an equality after the Gram-Schmidt 
process is carried out will be judged, as in Chapter III, by a) comparing 
plots of the right and left hand sides of Eq. 4-4 and b) evaluating 
Bessel's inequality. Before presenting these results, however, it will be 
helpful to describe the computer programs used to apply the Gram-Schmidt 
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method to the successive approximation technique described in the mathe­
matical analysis section. 
Two computer programs were written to implement the successive 
approximation technique. The first program computes a multitude of values 
that are needed by the second program each time the second program is 
used. These values computed by the first program are put on temporary 
disk storage for use by the second program. The second program executes 
one complete step in the successive approximation scheme each time it is 
executed. The results of the second program may then be examined to 
evaluate the progress of the approximation scheme before proceeding to 
another approximation step. The second program also computes certain 
values that will be needed for the next time the second program is run. 
These values are also stored on disk. 
The first program, to be more specific, computes the left hand side 
of Eq. [4-4] at Ng + 1 equally spaced values of 6^ /a and 0^ /3 from 0 to 1, 
«here Ng (read in as data) is the number of segments into which the 
interval 0 to 1 is divided. Other values computed at each of the N- + 1 
o 
points are and The integrals u^ , and the 
integrals in the denominators of Eq. [4-12] are also evaluated, as are 
portions of the integrals and w^ . 
The second program may be run in one of three modes. The first mode 
is used to start the approximation scheme by setting equal to 
b/2M on (6^  < 0^  < a), as previously noted just below Eq. [4-7]. The 
second made uses the generated on the previous run to continue 
the approximation scheme. The third mode differs from the second only by 
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punching out on cards the last set of and generated. This 
third mode is intended for use whenever it is determined that further 
steps in the approximation scheme will not result in an improved approxi­
mation, Values of the A.„ and A™ are then desired on cards for use in 
ANm BNm 
further programs to compute the stream function at the soil surface or 
to plot streamlines within the soil profile. 
Ekch run of the second program, regardless of mode, generates three 
graphs. The first graph compares the right and left hand sides of Eq. 
[4-4a] at the current stage of the approximation. That is, the graph 
shows how well the Gram-Schmidt technique matches the boundary condition 
for region A. The second graph compares the right and left hand sides 
of Eq. [4-41)], which represents the next higher stage of approximation 
for region B. Again, the graph serves as a means of seeing how well the 
Gram-Schmidt technique matches the boundary condition in region B. The 
third graph compares the "new" boundary condition on 0 D to the "old" 
B 
boundary condition on O^ D. The "new" boundary condition is the one that 
was generated by running the second program, thus advancing one step in 
the approximation procedure. The "old" boundary condition is the one 
that was generated by the previous run of the second program (mode 2 or 
3) or the equipotential starting assumption (nrade 1). 
It was found that .the second program had to be run only twice to 
obtain almost perfect agreement between the "new" and "old" boundary 
conditions. Figs. 4-5, 4-6, and 4-7 show the results of the first, 
(mode 1) run of the second program for AN =10, BN =10, and Ng = 120. 
Figs. 4-8, 4-9, and 4-10 show the results of the second run (mode 3) of 
Fig. 4-5. Boundary condition match for region A on the mode 1 run with AM = 10, and N„ = 120 
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the second program with AN, BN and Ng the same as in Figs. 4-4, 4-5, and 
4-6. The perfect agreement of old and new in Fig. 4-10 means that no 
improvement can be obtained by running the program again. Figs. 4-11, 
4-12, and 4-13 are for the first run of the second program with AN = 28, 
BN = 30, and Ng = 960 and mode = 1. Figs. 4-14, 4-15, and 4-16 are for 
the next (and final) approximation with M = 28, BN = 30, and Ng = 960. 
The difference in M and BN for Figs. 4-11 through 4-16 is due to an 
automatic routine in the program that limits the number of terms when 
numerical errors accumulate. Some values of Bessel's inequality are given 
in Table 4-1. The two computer programs used to carry out the approxi­
mation scheme are listed in Appendix C. 
Table 4-1. Bessel's inequality values (2nd run) 
Region 
NA or NB 
"s 
A B 
0 120 0.5580744 0.4802571 
0 960 0.5561048 0.4766215 
9 120 0.9982806 0.9994748 
9 960 0.9983050 0.9995044 
28 960 0.9998275 0.9999899 
30 960 — 0.9999907 
A comparison of the boundary condition along FEDC with the series 
approximation is shown in Fig. 4-17. Here the series approximation is 
based on the final set of A^  ^and Ag^  ^generated (mode = 3 the pro­
gram that generated Fig. 4-14, 4-15, and 4-16). The horizontal axis of 
Fig. 4-17 is scaled linearly in x, providing a more "natural" view of the 
boundary condition match than the figures scaled in 0 on the horizontal 
Fig. <4-11. Boundary condition match for region A with mode = 1, AN = 28, and Ng - 960 

Fig. 4-12. Boundary condition match for region B for mode =1, BN = 30, and Ng - 960 
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axis. Note that the region A approximation is used to generate PHIA 
points, indicated by crosses, and the region B approximation is used to 
generate PHIB points, indicated by Xs. The solid line is YV, the 
boundary condition to be approximated. The values of PHIA and PHIB agree 
well with YV and with each other in the overlap region. The computer 
program used to generate Fig. 4-17 is in Appendix C. 
Stream function 
Eq. [4-14] was used to calculate the stream function values along 
the surface FEDC. For this calculation K was set equal to 1.0 and r^ /M, 
Gj^ /a, and 9^ /3 were expressed as functions of the value of x along 
the surface FEDC. The result was plotted and is shown in Fig. 4-18. 
PSIA points of Fig. 4-18 are values of calculated by Eq. [4-14a] and 
represented by crosses, as indicated on the figure. PSIB points on 
Fig. 4-18 represent values of ipg calculated by Eq. [4-14b] and represented 
by Xs. 
In Fig. 4-18 the stream function values are quits small in the region 
outside -0.80 < x < 0.80. The waviness of the graph near the ends may be 
attributed to lack of exact fit to the boundary conditions and possibly 
the fact that the stream function itself was not fitted to a boundary 
condition. In any event, the stream function values at the end points, 
corresponding to points F and C of Fig. 4-2, are small enough to say 
that effectively there is no flow through AF and BC. Therefore, the 
earlier assumption of an equipotential along AF and BC is justified by 
the fact that there is no flow and therefore can be no change in poten­
tial close to AF or BC. 
Fig. 4-18. Stream function values on the surface FEDC of Fig, 4-2. Values of i|j  ^are repre­
sented by crosses while values of are represented by 
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The computer program for plotting the stream function values of 
Fig. 4-18 is in Appendix C. 
Streamlines 
Streamlines were plotted at normalized stream function values of 
0.1, 0.2, etc. in increments of 0.1 up to 1.0. Fig. 4-19 is the plot of 
the streamlines. The circled point is the "streamline" ij;' = 1.0. In 
computing $ values to plot Fig. 4-19, Eq. [4-16] was used to find ijj in 
the overlap region. Eq. [4-14a] was used to compute ip in region AO^ EFA 
and Eq. [4-14b] was used to compute ij; in region BOgDCB. Fig. 4-19 shows 
again that the assumption made early in this chapter that negligible flow 
occurs near AF and BC was a correct assumption. 
An automatic streamline plotting program was written and used to 
generate Fig. 4-19. The computer program is in Appendix C. 
Fig. 4-19. Streamlines for flow in the region AO^O^BCDEFA of Figs. 4-11 and 4-2. The cir­
cled point is the "streaioline" ijj' = 1.0. The other streamlines are for = 
0.1, 0.2, etc. The streamline ip' = 0.0 is along the barrier AO^O^B of Figs. 
4—1 anoi 4—2 

142 
CHAPTER V. CONCLUSION 
Three models have been developed to help analyze the saturated flow 
situation that seems likely to occur in hillside surface mine reclamation. 
The bench-terraced reclamation scheme of the Iowa Coal Project Demonstra­
tion Mine Number One (ICPDM) in Jfehaska County, Iowa is reflected strong­
ly in the models. The models, however, are not so much an attempt to 
simulate the actual ICPDM situation as they are an inquiry into how some 
selected features of the ICPDM reclamation scheme can influence ground­
water movement. What has been learned from these models? 
The model of Chapter II used D.F. theory to predict the optimum 
placement of tube drains beneath bench terraces of dimensions similar to 
those at the ICPDM. The optimum drain placement is the one resulting in 
the lowest water table. For the conditions of the model of Chapter II, 
which included a permeable soil layer on a terraced, impermeable spoil 
base, it was found that the optimum drain location is fairly near the up-
slope edge of the terrace bench but never under the terrace backslope or 
toe= Table 2-1 gives the exact optimum drain location for a number of 
situations. The optimal drain location for the range of parameters con­
sidered is always in the range of B5% to %% of the way from the downslope 
edge of the terrace bench to the upslope edge. The results of this model 
will be' useful in planning for reclamation of hillside mine sites for 
agriculture.  ^
A modification of the method of Chapter II was used to calculate 
drain locations for drains that will actually be installed at the ICPDM as 
part of an experimental program currently Just starting. In the experi­
ments to be conducted, a drain location directly under the toe of the 
terrace backslope is to be compared to a location 16 ft away from the toe 
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(S. B. Affleck, Dept. of Agronomy, Iowa State University, private communi­
cation, 1978). The model of Chapter II had to be modified to apply to 
the current IGPDM situation because the hydraulic conductivity of the soil 
at the ICPDM site is quite low except for a thin (46 cm thick) topsoil 
layer. If the hydraulic conductivity of the soil layer at the ICPDM 
increases over time due to rooting activity of plants or other effects, 
then the model of Chapter II will apply directly. The model will apply to 
future reclamation projects if a method of replacing the soil layer with­
out compaction, while still making the spoil impermeable, is found. 
The model of Chapter III used potential flow theory and the modified 
Gram-Schmidt method as presented by Kirkham and Powers (1972) to find 
saturated flow patterns of steady rain through overburden of relatively 
high hydraulic conductivity. Flow patterns were examined for three 
different overburden surface profiles. The surface profile was found to 
have a large influence on the pattern of groundwater flow under the 
assumed conditions of Chapter III, which included uniform hydraulic 
conductivity throughout the backfilled material. The index of seepage 
calculation, in fact, showed that, for pit dimensions in approximately 
the same ratio as at the ICPHii, the total seepage through replaced over­
burden in a four-terrace configuration would be over ten times as great 
as the seepage through overburden replaced with a uniform slope. A one-
terrace replacement scheme would have about two-thirds of the total seep­
age flow of the four-terrace scheme. 
It may be wise for managers to consider these flow pattern differ­
ences when planning for disposal of leachable, polluting waste materials 
144 
under mine spoil. For instance, consideration might be given to using a 
minimum number of terraces in a terraced reclamation scheme. 
Using only one terrace, as in one option investigated in Chapter III, 
would have several advantages. First, there would be little groundwater 
movement beneath the majority of the terrace, providing a more desirable 
site for disposal of leachable pollutants. Second, agricultural opera­
tions would be more efficient in one relatively large field. Third, any 
problems caused by groundwater movement would be confined to only two 
concentrated areas, where more intensive means could be applied for 
control, if necessary. Fourth, the land area in backslope would be 
gathered together so that it could be managed for timber, resulting in 
some economic return. The edge effect of the timber on agricultural pro­
duction in the field could, however, be detrimental and should be taken 
into account. Fifth, the economics of earth moving might make the one-
terrace approach desirable from the point of view of the cost of 
reclamation. 
The model of Chapter IV solved the potential flow problem for the 
pattern of saturated groundwater flow near the terrace backslopes when 
steady rain falls on the permeable soil layer that overlies a relatively 
impermeable, terraced spoil. This is the same flow region as considered 
in Chapter II, but with no drain tubes considered. The results showed 
that the flow is confined to the backslope region and a small adjacent 
area. This information may be of importance when considering placement of 
different materials in the soil layer. Materials placed under the back-
slope will be heavily leached compared to materials placed under the 
bench only a short distance from the backslope. 
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The model of Chapter IV presented a solution technique for boundary 
value problems that could possibly be useful for quite a variety of 
problems that cannot be handled by the usual Gram-Schmidt technique. For 
instance, a slight modification of the technique of Chapter IV could allow 
analysis of the situation with a tube drain half buried and its center 
at 0^  (of Fig. 4-1). Several other extensions of the application of the 
Gram-Schmidt technique may be possible based on the technique of Chapter 
IV. 
In conclusion, it should be remembered that the implications of any 
of the models for a practical situation must always be viewed with the 
original assumptions in mind. It is not common for the actual field 
situation to be known in sufficient detail to be able to say that an 
idealized model applies in more than a very general way. The models 
presented in this thesis, I believe, provide objective insight into what 
will happen under specific conditions. This insight should be useful for 
planning if it is properly balanced vâth experience, field information, 
and Judgment. 
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APPENDIX A. APPENDIX FOR MODEL I 
Finding C 
Beginning on the next page is a printout of the program used to 
find the value of the left-hand side of Eq. [2-27] on a Monroe 1880 
programmable calculator. For the program to operate, the values of the 
parameters R/K, a, x^ , and x^  must be in scratch pad registers 2 
through 7, respectively. The value of C should be entered at step 0000, 
which is a HALT command. Depressing the RESUME button will then cause 
the remainder of the program to execute. An ERROR message will be print­
ed and the program will not complete execution if the ratio restriction 
mentioned just after Eq. [2-28] is not satisfied. 
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Computing Water-Table Height 
Beginning on the next page is the FORTRAN computer program for com­
puting the water-table height from Eq. [2-30], [2-16], and [2-17]. 
The computed water-table x and y coordinates are punched out on cards 
for use in the water-table plotting program 
I M P L I C I T  R E A L * 8  ( A - H , 0 - Z )  
E X T E R N A L  F L N  
D I M E N S I O N  X X ( 5 0 ) , Y Y ( 5 0 )  
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Y L = Y l _  1  
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P R  I t s i T  ,  X .  V  ,  I  ( E R  
X X ( I ) = X  
4 4  Y Y ( I ) = Y  
G O  T O  5 5  
C  K  1 — O  f < 2 = 0  
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Y U 3 = 3 . O 0  +  Y 0 » x » ( Y  1 + X 2 * A L - Y 0  ) / X 2  
I F ( Y U  . G T « Y U 3 J  Y U = Y U 3  
Y l _ = - {  C 5 * X + C 6 )  * (  1  . O O  +  l  . D - 1  )  
Y L E = A L * X  
I F  ( Y L B .  G T «  Y L )  Y L =  Y L  B  
C A L L  O R T M  I  Ï  Y  ,  F  , F L  N  ,  Y L  ,  Y U  ,  , E - 0 3  »  2  0  ,  I  E R  J  
P R I N T  . X ,  Y - ,  1 E R  
X X { I ) = X  
3 0  Y Y < I J = Y  
G O  T O  5 5  
3 3  C C N T I N U E  
D O  4 0  1 = 1 , N P  
F I = D F L O A T ( I >  
X = X 2 * F I / F N  
Y U = - (  C 3 * X + C 4  )  * (  I  .  D O - 1  .  D - 1  4 . )  
Y U 3 = 3 . D O  +  Y O i + X *  {  Y 1  + X 2 * A L - Y O . )  / X 2  
I F  {  Y ' J  . G T .  Y U 3  )  Y U = Y U 3  
Y L - - ( C 5 * X + C 6 ) * ( 1 . D O + 1 . D - 1 4 )  
Y L B = A L * X  
I F ( Y L  B . G T . Y L )  Y L  =  Y L B  
C A L L  D R T M I t  Y , F . F L N . Y L  »  Y U ,  ]  « E - 0 3 . 2 0  »  I E R )  
P R I N T  $ X , Y , I E R  
X X ( I ) = X  
4 0  Y Y ( I ) = Y  
£ 5  C O N T I N U E  
F N P E = O F L G A T ( N P E 2  
I-" 
O 
N P I = I D I N T ( F N P E * ( X 3 - X 1 ) / ( - % ! ) ) + 1  
I F î N P I . E Q  « 1  , )  G O  T O  7 7  
D O  6 6  I  =2 , N P I  
F I = D F L O A T ( I - l  )  
X = X 1  + F I * ( - X : l  j / F N P E  
V = D S Q R T ( Y 3 * j X 2 + B L * ( X + * 2 - X 3 » * 2 + 2 . D 0 * ( X - X 3 ) * ( X 2 - X 1 + C / B L ) i )  
X F U ) = X  
6 6  Y F  «  I )  = Y  
X F  ( 1 ) = X 1  
Y F  CIJ= Y 1  
X F { N P I + 1 ) = X 3  
Y F ( N P I  +  1 ) = Y : 3  
N P P = N P I + 1  
P R I N T , X 3 . N P P  
P R I N T  , ( X 3 » I  X F t I  J  .  Y F (  I  3  . 1  =  1  , N P P )  
P U N C H  6  7 , X 3 ( .  N P P  
6 7  F O R M A T  (  «  F O R  X 3  E Q U A L S  '  , F 6 . 1 ,  ' T H E  N U M B E R  O F  P O I N T S  T O  B E  P L O T T E D  
1  T O  T H E  L E F T  O F  X 3  I S '  , 1 5 )  ^  
P U N C H  6 8  .  ( X 3 .  I  . X F ( I  )  , Y F ( I  )  , 1 = 1 , N P P )  
6 6  F O R M A T  «  •  X 3 = :  »  «  F 6  ,  1  ,  1  X  .  « 1 =  »  »  1 3  ,  5 X  ,  •  X F  (  I  J  =  •  .  F 8 - .  3  *  "  Y F  (  I  )=  •  ,  F  1  0  . 6  J  
7 7  N P I I I = N P E + 2 — N P I  
X R ( 1 ) - X 3  
Y R { 1 ) = Y 3  
I F ( N P I . E Q « N P E + 1 J  G O  T O  9 9  
D O  8 3  I = N F I „ N P E  
FI=DFLOAT ( I II 
X = X 1 + F I » ( - X  3 ,  J / F N P E  
Y = D S Q R T {  Y 3 * ^ = 2  +  B L * ( X ' i = * 2 - X 3 * = S : 2 )  + 2 . D 0 * C * (  X - X 3 J  )  
X R ( I  +  2 - N P  I  j - X  
8 8  Y R ( I + 2 - N P I ) - Y  
9 9  N P P = N P I I I + N P  
D O  1 0 0  1 = 1 , N P  
X R d + N P I   I ) - X X ( I  )  
1 0 0  Y R ( I  +  N P I I I  î = : y Y ( I  3  
P R  I N T  . X 3  ,  N P P  
P R I N T . ( X 3  » I  »  X R { I  )  1 Y R (  I )  , I = 1  . N P P )  
P U N C H  X 0 1 . X 3 , N P P  
1 0 1  F O R M A T  (  «  F O R  X 3  E Q U A L S  • , F 6 , , 1 . ' T H E  N U M B E R  O F  P O I N T S  T O  T H E  R I G H T  O  
I F  X 3  A N D  L E F T  O F  X 2  ' , 1 5 )  
P U N C H  1 0 2 » ( X 3 . I * X R ( I ) » Y R ( I )  , 1 - 1 , N P P )  
1 0 2  F O R M A T  < • X 3 = • , F 6 . 1 , l X » * I = « i I 3 » 5 X , * X R ( I ) = » , F 8 . 3 . ' Y R ( I ) = * . F 1 0 « 6 )  
1JK=IJK+1 
I F U J K . G T . K T )  S T O P  
G G  T O  1 U O 1  
1 0  0 2  S T O P  
END 
F U N C T I O N  F L N C Y )  
I M P L I C I T  R E A L * 8  ( A - H , 0 - Z )  
C O M M O N  X »  C I  «  C 2 , C 3  , C 4 .  . C 5  , C 6 ,  D  
F L N = C 1 * D L U G ( D A 8 S ( Y + C 3 * X + C 4 J ) + C 2 * D L O G < O A B S < V + C 5 * X + C 6 ) i  - D  
R E T U R N  
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Plotting Water-Table Curves 
Beginning on the next page is the FORTRAN computer program used to 
plot the water-table curves of Figs. 2V7, 2-8, and 2-9. Cards punched 
by the program listed in this appendix under "Computing Water-Table 
Height" supplied the data for the curves. 
D  Ï M E N S I C N  X R t  1 3 )  ,  Y R  (  1  3 J  , X P ' (  1 5 1  >  ,  Y P {  1 5 1  )  
R E A D  ( 5 , 1 )  N P O  
1  F O R M A T  ( 1 1 0 )  
R E A D  ( 5 . 2 )  (  X R ( N )  . Y R (  N )  . N = ] l  . N P O )  
2  F O R M A T  ( 2 D 2 0 . 1 0 )  
N P T S = N P O  
C A L L  G R A P H ( N P T S . X R . Y R , 0 p 4 . 1 0 o l , 8 . 1 » 0 . 0 . 0 « 0 . 4 « 0 . — 1 2 « » " X ; * , * Y ; » , • F R E  
l E  S U 3 F A C E S Î  «  .  • î  »  )  
R E A D  ( 5 . 1 )  N F  
D O  5  1 = 1 . N F  
R E A D  ( 5 » I C O )  N P  
1 0 0  F O R M A T ( 7 5 X » 1 5 )  
D O  3  J = 1 , N P  
3  R E A D  ( 5 , 4 )  X P ( J ) . Y P ( J )  
4  F O R M A T  ( 2 6 X . F 8 « 3 , 6 X . F 1 0 . 6 )  
5  C A L L  G R A P H S * N P . X P , Y P » 0 . 2 » • 0 ; » )  
S T O P  
END 
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APPENDIX B. APPENDIX FOR CHAPTER III 
Integration Formulas 
Formulas for integration of Eq. [3-8] and [3-9] are given here. 
For m = 0 Eq. [3-8] becomes 
w. = f (a + gx)dx, 
or 
X  
Wio = (ax^ /2 + gx) 
L 
h 
For m = 1,2,3,... integrating the right-hand side of Eq. [3-8] gives 
=r 
where 
= L/[m7r(l + a^ ) cosh(mïïh/L)], 
= (ax + 3){sin(m x/L) cosh[m'iT(ax + 3)/L] + 
a cos(mïïx/L) sinh[mïï(ax + 3)/L]} , 
Tg = (La/mir) {(1 - a^ ) cos(mïïx/L) cosh[mïï(ax + 3)/L] 
2 Oi sin(mïïx/L) sinh[mïï(ax + 3)/L]}/(l + a^ )]. 
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For m = n = 0, Eq. [3-9] becomes 
\oo = *r " 
For m = n f 0, Eq. [3-9] becomes 
X  
"imm = S <•^ 3 + T4 + + V 
r 
> 
x„ 
where 
Cg = l/[4 cosh^ (mTrh/L) ], 
T3 = X, 
= L sin(2mTrx/L)/(2mTr), 
5^ = 
J L sinh[2mTr(ax + 3)/L]/(2mïïa) (a ,4 0) 
i \x cosh(2mïï6/L) (a = 0) , 
T, = L {a cos(2mTTx/L) sinh[2mn(ax + B)/L] 
+ siii(2mïïx/L) sinh[2m7r(ax + p)/L]}/[2m (1 + Oi^ )]. 
For m f n, Eq. [3-9] becomes 
X  
"il = S"7 + Ts + 7, + + "ll + "12 + ^ 13 + T14) 
r 
> 
h 
where 
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Cg = L/[4ïïcosh(imrh/L) cosh(mrh/L) ], 
= a cos [(m + n)Trx/L] sinh[(m + n)'rr(ax + B)/L]/[Cm + n) 
(1 + o^ )], 
Tg = sin[(m + n)Trx/L] cosh[(m + n)ïï(ax + 6)/L]/[(in + n) 
(1 + a^ )], 
Tg = a(m - n) cos[(m + n)nx/L] sinh[(m - n)ïï(ax + 3)/L]/ 
(m + n)^  + a^ (m - n)^ ], 
= (m + n) sin[(m + n)7rx/L] cosh[(in - n)ïï(ax + 3)/L]/ 
[(m + n)^  + a^ m - n)^ ], 
" o(m + n) cos [(m - n)ïïx/L] sinh[(m + n)iT(ax + B)/L]/ 
[(m - n)^  + a^ (m + n)^ ], 
= (m - n) sin [(m - n)iTx/L] cosh[(ia + n)ïï(ax + B)/L]/ 
[(m - n)^  + a^ (m + n)^ ], 
= a (m - n) cos[(m - n)nx/L] sinh[(m - n)w(ax + B)/L]/ 
[ (m - n) ^ (m - n) ^ ], 
9 
m  __  _ j _ r /  \  _  1  * r /  ,  n \ / * T / r / . . .  - \ / i  »  ^  \  i  1., - Bini vm - n/iix/ Lj cosni (.m - n; ii vux T p;/ijj/ - vij\x T U ; J . 
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Finding 
Beginning on the next page is a FORTRAN computer program for comput­
ing the for Model II. The subroutine INTGRT computes the integrals 
for which formulas were given in the last section. The program computes 
the A^ s, punches selected sets of the A^ s out on cards, and computes 
Bessel's inequality. Coordinates of the endpoints of the linear segments 
of Fig. 3-2 must be supplied as data. 
I M P L I C I T  R E A L * 8  ( A - H , 0 - Z )  
R E A L M S  J {  1 8 3 0 ) . J T E M P  
O l M E i M S I C N  U C 6 1 ) » C { 6 1 )  ,  D ( 6 1  )  , , G ( 6 1  )*A(ei ) 
8 N = 0 . O D O  
K A  =  6 I  
C A L L  I N T G K T t 0 . 0 . 0 . F 2 )  
D O  1 4  N C A P P 1 = 1 , K A  
M = N C A P P i - 1  
C A L L  I N T G R T C I » M . 1 » W J  
D O  1  K - 1 , N C A P P 1  
N = K - 1  
C A L L  I N T G K T C 2 » M , N . U { K 3 i  
1  C L N T I  N U E  
W R I T E  ( 6 . 2 )  M , W . M . M , ( U ( I I ) 5 1 1 = 1 . N C A P P l )  
2  F O R M A T (  //y •  W ( ' , 1 2 , ' )  -  ' . E l 4 . 7 / / / '  U{*,I2,'*J) F O R  J -
1 O,•,12//{6<6X,ei4.TJJ) 
N C  A P ^ N C A P P l - 1  
N C  A P \ 4  1 = N C  A P -  1  
I F ( N C A P M l )  3 . 4 , 5  
3  D ( 1 ) = U ( 1 )  
G (  1  ) = W  
E = G ( 1  ) / û X  1 )  
A ( 1 ) = E  
G C  T O  1 1  
4  C  (  1  ) ^ U (  1  )  / D <  1  )  
D ( 2 )  =  U ( 2 ) - C ( 1 ) * C (  1 ) 4  D ( 1 )  
G  (  2  )  =  W - C «  1  1  )  
E = G ( 2 ) / D ( 2 }  
J C  1 ) = C (  1 )  
A (  1  )  =  A {  1  j - E ' l ' J  (  1  )  
A ( 2 ) = E  
G O  T O  1 1  
5  C  (  1  ) = U (  1  )  / D C  1  )  
N F 0 R J = 0  
D O  7  N = 2 , N C A P  
CTeMP= U ( N )  
N M 1 = N - 1  
D O  Ô  N N = 1  i N M l  
N F O R J = N F C R 1  
a  C T E M P = C T E M P - U ( N N J « J < N F O R J )  
7  C C N ) = C T E M P / O C N >  
D T E M P = U { N C A P P l )  
G T E M P — W  
D C  8  N = 1 » N C A P  
C T E M P = C ( N )  
O T E M P - D T E M P - C T E M P * C T E M P * D ( N )  
a  G T E M P = G T E M P — C T E M P * G ( N )  
D ( N C A P P l ) = D T E M P  
I F  { 0 (  N C A P P l  »  . I _ T » 0  . D O  )  G C  T O  1 5  
G ( N C A  P P 1 ) = G T E M P  
E = G T E M P / D T E M P  
N S T A R T = 0  
D O  1 0  N = 1 . N C A P M l  
J T E M P = : C <  N  )  
N S T A R T = N S T A R T + N  
N F O R J = N S T A R T  
N P  1 = N  +  1  
D O  9  N N = N P 1 , , N C A P  
J T E M P = J T E M P " C ( N N j  » J ( N F O R J )  
9  N F O R J = N F O R J 4 H N N - l  
J ( N F O R J ) - J T E M P  
0  A  {  N ) = A t  N  Î  — J T E M P  
N F C R J = N F C R J + 1  
J  C  N F O R J ) = C ( N C A P )  
A (  N C A P )  = A  ( N C A P ) - E * J  N F O R J  )  
A  (  N C A P P l  >  = E  
1  C O N T I N U E  
B N = A {  N C A P P l  j i * * 2 * D [ N C A P P  1 )  +t3N 
B C = a N / F 2  
W R I T E  ( 6 e  1 2 j  M , M .  C  A t  Ï  I  )  »  I I  =  : i  . N C A P P l  >  
I-" C 
o  
1 2  F O R M A K / / / /  "  A ( ' « I 2 . ' , J )  F O R  J  =  0  .  •  .  I  2 / / (  5 (  2 X t  D 2 3 .  1 6  )  J  )  
W R I T E ( 6 , 1 3 )  M . D ( N C A P P 1 3 » B N t B C  
1 3  F O R M A T ( / '  D C ' , 1 2 , ' )  =  «  , D 1 7  «  1 0 , 3 X ,  • B N = • , D 1 7 . Î 0 , 3 X o  • B C = • » D 1 7 e 1 O J  
I F C M . E Q . l  . O R . M . E Q « 3 . . 0 R « M . E Q . 5 . 0 R . M . E Q . 1 0 . 0 R . M . E Q . 2 0 . 0 R . M . E Q . 4 0 . 0 R .  
I M . E Q . f e O . O R . M . E Q .  1 0 0 3  C A L L  C A R D S ( A  ,  6 l , N C A P P l )  
1 4  C C N T I N U E  
G O  T O  1 6  
1 5  N C A P P  1  =  N C A P P 1 - 1  
C A L L  C A R O S C A ,  6 1 . N C A P P 1 )  
1 6  S T O P  
E N D  
S U B R O U T I N E  C A R D S ( A , I  1  »  N O  
I M P L I C I T  R E A L * 8  ( A - H , 0 - Z )  
O I M E N S I C N  A t  I I )  
K M = N C - 1  
D O  1  J = 1 ,  N C  
J M = J - 1  
1  P U N C H  1 5 , K M i J M , A ( J )  
1 5  F O R M A T (  " A C  » ,  1 3 ,  '  «  ' ,  1 3 »  '  ) = ' w D 2 3 . 1 6 ,  " P R O B L E M  I D E N T I F I C A T I O N "  )  
R E T U R N  
E N D  
S U B R O U T I N E  I N T G R T ( I N O I C , i M v I N , A N S )  
I M P L I C I T  R E A L  * 8 ( A - H . O - Z )  
D I M E N S I O N  X < 1 0 ) , Y ( 1 0 )  
C O M M O N  P I , X , Y , H , N P O  
I F ( I N D I C . N E . O )  G O  T O  3  
R E A D  ( 5 , 1 )  N P O  
1  F O R M A T  i l l O J  
R E A D  ( 5 « 2 ) ( X ( N ) , Y ( N ) , N = 1 , N P O )  
2  F O R M A T  ( 2 D 2 0 . 1 0 )  
H = O . O D O  
D O  5 0 2  N = 1 , M P 0  
I F  ( Y ( N ) - H )  5 0 2 , 5 0 2 , 4 0 2  
4  0 2  H = Y ( N )  
5 0 2  C C N T I N U E  
W R I T E  ( 6 , 9 9 9 9 )  H  
9 9 9 9  F O R M A T  { 0 2 0 , 1 0 )  
F 2 = 0 . D O  
N P M = N P O - 1  
O O  6 0  2  I F  2 = 1  «  N P M  
6  0 2  F 2 = F 2  + {  X î  I F 2 + 1  ) - X  (  I F 2  )  )  * (  V C  I F 2 ) * * 2 + Y (  I F 2  )  * Y  (  I  F 2  +  1  J + Y  (  I  F 2+1 ) * * 2 ) / 3  
I D O  
W R I T £ ( 6 « 7 C 2 )  F 2  
7 0 2  F O R M A T ! •  F 2 = ' , 0 1 4 . 7 )  
A N S = F 2  
P I = 3 . 1 4 1 5 9 2 6 5 3  5 8 9  7 9 3 0  0  
R E T U R N  
3  F M = D F L O A T ( I M )  
F N - = D F L O A T  ( I N )  
1 = 1  
A N S - 0 . O D O  
I F ( I M . G E « 1 )  G O  T O  7  
4  A L = ( Y ( I + 1 ) - Y ( I ) ) / ( X ( I + 1 ) - X ( I ) )  
8 E = Y ( I ) — A L $ X ( I )  
I F ( I N D I C o E Q « 2 )  G O  T O  5  
A N S = A N S + A L / 2 * ( X ( I + 1 ) * * 2 - X ( I ) * * 2 ) + B E * ( X ( I + 1 ) - X ( I ) )  
G O  T O  6  
5  A N S = A N S  +  X ( I  +  1 ) - X (  i )  
6 1=1+1 
I F ( I . L T . N P O )  G O  T O  4  
R E T U R N  
7  C 0 1 = X ( N P O ) / 4 « D 0 / P I / D C O S H ( F M * P I » H / X ( N P O ) ) / D C O S H ( F N * P I * H / X ( N P O ) )  
P O i _ = : P I / X «  N P O  J  
C O  2 = 0 . 2 5 0 0 / D C 0 5 H ( F M * P D L * H ) » * 2  
D P M  = X ( N P O ) / F M / P I  
a  A L = ( Y ( I + l ) - Y ( I ) ) / ( X ( i + l ) - X ( î ) )  
S E = Y < I J - A L * X ( X }  
X 2 = X ( I + l j  
X I = X (  I  )
I F ( I N Û I C « E Q . 2 )  G O  T O  9  
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u. V * + 
Q # z Z z 
M # lij J M IL IL Q m Q U) <«< 
U M + a Q I # 
Q X w * * 2 J 
# # X z J Q 
J * IL < M a 
< Q 
-J w * Q 
+ a <c X O # X 
* CO û xr- 2 z 4 o • rt M UJ IL -J u (\| X M 
m Q Q 1 # Q 
+ Z a # m J # C\J # Q 
X U1 s (\J CL 04 
* Q u. X UJ # X 
•«* •» m Z «r 
< * I J + U. X 
w z Q W # Z W M a X z J U. 
_l m (0 » * Q + 
Q + Q z J m a z 
a  * IL < Q # u. 
* X w  w  * z 
s V) * o u. * 
u. j X • _l û J w  < * U Q f  X Q I  w  J Q a CM U) a w  o # + a  
o a  # s V (/) 
u # 11 q o o % _1 UJ \ u 
# ai u. < X OÛ Q 
iB * if) + CM 
N + m J D CM h- # 
X W a < U X + 
* X u 1 Q # J # o o # _J H Z Q J * Q < w u. 
a < J • w # + 
* «•< < X * z 
X * 4 
_l J IL IL 
_J J o J < 
Q * a a  < # O  * Z a UJ a # * 
-4 M # m 
_l * z < J 
m T. + < z u. J + O < Q IL * u. < o (- * 
w X 
_l I Q J 
* X * < m z • o < 
Z J + o «•4 o + 
UJ w < O u (/) LU w O 
m <«  Q Q 
1 
Q m S Q 
+ Û * * + z z • 
OJ * J -< a w 
X a  OJ X Q 
* OJ a S UJ X * + n o 
J X * Z m * J tn tu \ 
< # z a + J < z Q J 
w J a. Q M n w < o z < 
w û X a * II M II II a X il * # _l m w < 
* •J) fy CM J z o z o u. 
H s 0 1- < u. a < 13 n H 
OJ n w-t OJ m 
o 
IL UJ 1 V + U 1 IL UJ 
'w m OJ Z Û Z CM Z Q Z CM Z tu LU •» + X IL * U. X u. 4 U. X u. # + CO J w * V f» 1 # + * J + Q X * OJ z # (M z * Q X #4 a * z J X u. Z J X u. Z J a # X J IL Q IL Q * u. Q J X < + a * 1 a * 1 a X < u (/) Z z J Z Z _J z (f) 
< Q * u. X 11 Q U. X u. Q 11 X o * U z + a z J a z u Q Z * M z * M è * M Q z # IL _J m u. X J (/) 11 X J (/) # u. z + Q Q if) Q Q U) Q Q 1 IL CM Z a # # Q CL * # Q a # CM z 
+ X U. J V T J U <-1 X u. S # «rf (J) Q Q U) M 0 Q If) r-4 •H* IL * o X a * O X a # Q X * Z J u # U * u Z J # IL Q û z Q z TH Q u. 
1 
û J + CL z M X Z M X z a û Z # a. m * # 11 tf) # 4- u. 
1 
S a U. r + Q 1 Q 11 T <J) CM z Z OJ z z CM z (f) I * Q * u. •tt u. * IL # U. * IL * u z J u * + * 1 * J V M 
t/) û Q * rg z * (M z # Q û a * Z J u. Z # 11 Z J a # Q u. û w U. a * 11 Q 
* z 1 a + a 1 a z M X z z z Z J z M X rH <0 # IL <f) U. Q u. m U. o 0. U) If) * X û o 1 a o + a o Q 
* z * u z s- # o z * u z # UL 
_l Q u. z J Q u. z J Q * u. 
! Z + < 1 w < 1 M < 1 -> U. -* z o « en * W # z 
+ J u. J J Q J J Q J J u. z < < UJ < < UJ < ! < UJ < \k 4 * H" 13 # m «î" CD •s J J (N + _l CM + J OJ + J J < Q * OJ < UJ # CM < tu * CM < Q 
«J + a X + CO * X + CO * X + a Q O <-» * OJ + # CVJ + •=> O a O z Z J # (M Z -J CM z _l O z 
• M IL < X I L  < # X u. < t M U) '•0 + >»» * 1 A 1 !/) Q Q Z * z J Z * z J s il' Q U * 1 IL u. < IL u. < I L  * 1 Q z + z 1 Z 
1 Z u. z u. z * u. 
1 
#•» Z u. UJ N 1 u. S + u. u. UJ 
+ CD z w z z z »> z 1 CQ UJ z + Z u. UJ w u. Z IL UJ u. z u. lU 2 + CM I L  2 N 1 $ CD \ 4= u, 1 il rg X + X 1 * + z * + Z # + (\| * Z _J w  Z u. UJ z J z u. UJ t J X \ J IL D X U. CQ 11 Q X u, 
1 
CD u. o X \ J 
* o < a * + * + w a •M- * •«• a  * O  < J Q <«« •tt _J z J Vr J z J M # J  Q < • # J X < u. Q X J X < u. ea X 
_l X < t  * 
<-» < z w  a » < z w  CL # < z w  # II 
CD 
z II M  II _J II M  Il J II M * II z u. — < !/) lU X < < en GD X < < en ID U. 
1 z M + " CM û Z CM iA ro û Z m tn Q z u. (-z k- # IL K a # H a- u. h" 0 # h" •if- u. h- z w CM OJ OJ T-4 CM CM -> CM CM 
A N S = A N S + C C 1 » ( T 1 A + T 1 B + T 2 A + T 2 B + T 3 A + T 3 B + T 4 A + T 4 8 )  
G O  T O  1 3  
1 0  T l = X 2 - X l  
T 2 = D P M / 2 o D O * ( D S I N ( 2 . D O * F M * P D L * X 2 ) - D S I N ( 2 . D O * F M * P O L * X 1 ) )  
A B S A L=OAaS{A L )  
I F  C A B S A L o L T »  1  . a — 1 4 )  G O  T O  1 . 1  
T 3 = D P M / 2 . 0 0 / A L * ( D S I N H ( 2 . D 0 * P D L * F M * ( A L * X 2 + B E > )  — D S I N H C  2 . D 0 » A D L * F M * ( A  
1 L » X 1 + B E } ) )  
G O  T O  1 2  
1 1  T 3 = t  X 2 - X 1 J « D C O S H ( 2 . D 0 * F M * P D L * B E )  
1 2  T 4 = D P M / 2 . 0 0 / ( l . D O + A L * A L ) * ( A L * ( D C 0 5 ( 2 . D O * F M * P O L * X 2 j * O S I N H ( 2 . 0 0 * F M * P  
1 D L * ( A L * X 2 + B E ) ) - O C O S C 2 . D O * F M * P D L * X 1 ) » D S I N H ( 2 . D 0 » F M * P D L * ( A L * X 1 + B E ) ) )  
2 + D S I N  <  2 . D O * F M * P O L * X 2 ) * D 5 I N H ( 2 . O 0 * F M * P 0 L * ( A L * X 2  +  B E )  ) - D S I N <  2 « D 0 * F M * P  
3 D L * X 1 ) * D S I N H ( 2 . D O * F M * P O L * < A L * X l + B E j > )  
A N S = A N S + C C 2 * « T 1 + T 2 + T 3 + T 4 J  
1 3  1 = 1 + 1  ^  
I F ( I - N P O )  8 , 1 4 , 1 4  ^  
1 4  R E T U R N  
E N D  
175 
Plotting (j) and 
Beginning on the next page is the FORTRAN computer program used to 
compute values of (J) and ijj and plot Figs. 3-3, 3-4, 3-5, 3-6, 3-7, and 
3-8. 
I M P L I C I T  R E A L M S  ( A - H . G - Z )  
D I M E N S I O N  A ( 6 1  j  . X (  1 0 )  . Y C l O J i  
C O M M O N  P Ï » X » Y » H t N P O  
P I = 3 » 1 4 1 5 9 2 6 5 3 5 6 9 7 9 3 0 0  
K A = 6 1  
R E A D  ( 5 , 1 )  I N P O  
1  F O R M A T  I  I  1 0 )  
R E A D  g S , 2 ) ( X ( N ) . Y ( N ) , N = l . N P O )  
2  F O R M A T  ( 2 0 2 0 . 1 0 )  
H = 0 « O D O  
D O  4 -  N = 1  o K P Q  
I F  ( Y « N ) - H 3  4 . 4 , 3  
3  H = Y ( N I  
4  C O N T I N U E  
W R I T E  ( 6 , 5 1  H  
5  F O R M A T  ( 0 2 0 . 1 0 1  
R E A D  ( 5 . 6 ) ( A ( N ) , N = 1 « K A )  
6  F O R M A T  ( l l X . 0 2 3 o l 6 }  
C A L L  R E S U L T ! A , 6 1 , K A )  
S T O P  
E N D  
S U B R O U T I N E  R E S U L T ( A » I  1 ® N C Î  
I M P L I C I T  R E A L * 8  ( A ~ H , 0 - Z )  
D I M E N S I O N  X [ 1 0 ) , Y ( 1 0 j  
C O M M O N  P I « X . Y , H « N P O  
D I M E N S i O N  A  C  I  1 )  
D I M E N S I O N  X ( i (  1 0 3 )  . P H I  ( 1 0 3 )  , P S I  ( 1 0 3 )  
R E A L * 4  X F . P H J . P S J  
D I M E N S I O N  X F 4 1 0 3 ) . P H J i 1 0 3 J , P S J ( 1 0 3 )  
N P T S = - N P O  
C A L L  G R A P H ( N P T S « X « Y . 0 . 4 . 1 0 . 1 . 8 « 1 . 0 . 1 « 0 . 0 » 0 . 0 0 . 0 « 0 , * X ; ' . ' P H I { X ) ; ' ,  
1°PHI(X) vs x;••• ;•) 
X A = X ( 1 )  
Y A = Y (  1 3  
J = 1  
:= 1 
1  X G C J J = X A  
P H K  J J = A I  1 ) 1  
P S K  J  )  =  0 « 0 0 0  
I F  ( N C . E Q . K j  G O  T O  3  
D O  2  N = 2 , M ;  
N M 1 = N - 1  
F N = D F L O A T ( N M l Î  
C 0 = 1 .  0 O 0 / D < ; O S H C F N * P I * H X X (  N P 0 3  )  
P H I  C  J  ) = P H I  I I  J )  +  A C  N i ' J « C O * O C O : 3 (  F N * P I  » X A / X ( N P O ) ]  * D C O S H ( F N * P I * Y A / X ( N P O )  )  
2  P S i l  J 3 = P S I ( ;  J  J - A «  N ) * C O # D S I N ( F N * P I * X A / X (  N P O  J  ) * D S I N H ( F N * P I * Y A / X ( N P O )  }  
3  W R I T E  ( [ 6 . 4 ) 1  X A . Y A  . P H I  f i  J )  »  P S I  (  J  )  
4  F O R M A T  C I  0 X . F 1 0 o 5 . ) 1 0 X » F l 0  . 5 t i l 0 X » F 1 4 . 1 0 > 1 0 X . F 1 4 o l 0 )  
I F  C I - N P O )  5 0 4 . 1 0 , 1 0  
5 0 4  J = J  +  1  
X A = X A + €  X ( N P 0 1 - X «  l ) j / l 0 0 .DO 
5  I F  ( X A - X C H H ) Ï  6 . 7 , 7  
6  Y A = Y (  I 3  +  C ( V ( I  +  1 Î - Y ( ! I J J ) ^ ( X I I  +  1 > - X ( I ) )  ) * ( X A - X ( I  )  3  
G O  T O  1  
7  I - I + l  
I F  ( I - N P O )  5 . 9 . 9  
«  X A = X ( N P C l  
Y A = Y ( N P O )  
G O  T O  1  
1 0  N P T S = J  
D O  1 1  1 = 1 . J  
X F Î  I 3 = X G «  l i )  
P H J (  I  J = P H I ( : i  J  
1 1  P S J (  I  ) = P S I < : i  }  
C A L L  G R A P H < ; ( N P T S . X F » P H J . 3  . 7 » »  ;  »  }  
C A L L  G R A P H C N P T S o X F B P S J  « 0 .  ; 2 » l O . l . 9  8 . 1 . 0 . 1 . O . O . O . O O .  O o O O . " X ; * « « P S I < X  
1Î ; »» • psi < x)i vs x;»o» s'J 
K M - N C - l  
R E T U R N  
E N D  
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Plotting Streamlines 
Beginning on the next page are printouts of three computer programs 
used to generate the streamlines of Figs. 3-9, 3-10, 3-11, and 3-12. The 
first program computes values of ij; at points on a grid. Output from this 
program was used to manually find points on the streamlines. The manually 
found points were then punched on cards and read into the second program 
as data to plot the streamlines. This technique was used on Figs. 3-9, 
3-10, and 3-11. 
Later, an automatic streamline computing and plotting program was 
developed. It was used to plot Fig. 3-12. 
D I M E N S I O N  A ( 6 1 ) , X ( 1 0 ) « Y ( 1 3 j . P S I ( 1 0 , 7 5 J , X H ( 1 0 )  
PI=3.141593 
K A = 6 1  
R E A D  ( 5 , 1 )  N P O  
1 FORMAT (110) 
READ (5. 2J(; X(N)» y(N> .N=l,NPO) 
2  F O R M A T  12020,10} 
H=0.ODO 
D O  4  N = 1 , N P O  
I F  4 , 4 , 3  
3 H = Y ( N )  
4  C O N T I N U E  
W R I T E  { < 6 , 5 J l  H  
5  F O R M A T  ( •  " , E 2 0 o l 0 )  
R E A D  ( 5 , 6 )  C A C N )  » N = ] 1  , K A )  
6  F O R M A T  lllX,DZ3„lô} 
I  A = 0  
T D O  1 0  7  K - 1 ) .  1 0  
D O  1 0 7  L = l . ,  7 5  
0 7  P S I ( K , U ) = 0 « 0  
Jl^l 
I F  ( I A o E Q . O . O R . I A . E Q . 9 )  J)!.=2 
D O  1 2  1 8 = 1 * 1 0 « J I  
X A — O . O 1 A F L O A T ( 1 0 * I A + I B - 1 )  
D O  S  I C — l » M P O  
I F  ( X A . L T . X ( I C + 1 ) )  G O  T O  9 
8  C O N T I N U E  
9  Y M = Y ( I C ) + ( Y ( I C + l ) - Y ( l C j ) * (XA-XlI C J ) / ( X t I C + l J - X ( I C ) )  
D O  1 1  I O = l « 7 5 , J I  
YA=0.OOlAFLOAT(ID) 
I F  ( Y A c G E . Y M J  G O  T O  12 
PSI(IB»10)-0.0 
D O  1 0  I E = 2 . K A  
E I = F L O A T ( I E - 1 )  
C D = 1 . O / C O S H K  E I * P I * H / X ( N P O ) ) * 1 0 0 0 .  
1 0  P S I C I B e l D ) = P S I { I B . I D ) - A < I K J * C O * S I N < E I * P I * X A / X ( N P O ) ) * S I N H ( E I * P I * Y A /  
I X ( N P O  )  Î  
1 1  C O N T I N U E  
1 2  C D N T I N U E  
D O  1 3  1 = 1 , 1 0  
1 3  X H <  I  > = O . O l = f F i _ O A T (  1 0 * 1  A - f r l - I L  I  
WRITE C 6. 14) (XHC 1 ) o 1 = 1 « 10 J) 
1 4  F O R M A T  ( 1 H 1 , 4 X , " Y ' » 5 5 X » ' X ' , / / 1 7 X , 1 0 F 1 0 . 2 , / )  
N Y = I N T ( y ( I ( » l ) * 1 0 0 0 . 0 0 1 )  
D O  1 8  1 = 1 , N Y  
Y H = 0 - 0 0 1 * F L O A T ( I  J  
1 8  W R I T E  ( 6 . 1 9 )  Y H ®  ( P S  I £  J t .  I  )  1 ,  J = 1  .  1  0  )  
1 9  F O R M A T  ( •  •  , 2 X » F 5 o 3 , ] l 0 X , 1 0 F l 0 . 2 >  
I A = I A + 1  
I F  ( I A « i _ T . 1 0 )  G O  T O  7  
S T O P  
E N D  
O J M E N S I C N  X R < 1 3 Î , Y R ( 1 3 J . X P ( 1 5 1 J » Y P ( 1 5 1 J  
R E A D  ( 5 . 1 )  N P O  
1  F O R M A T  ( I  1 0 )  
R E A D  ( 5 , 2 )  ( X R < N ) , Y R C N ) t N - 1 , N P O J  
2  F O R M A T  ( 2 0 2 0 . 1 0 )  
X R < N P 0 - C - 1  J = X R ( N P O J  
Y R ( N P 0 + 1 J = 0 . 0  
XRtNPO + 2 ) = C». O 
YR ( N P O - l - 2 J = 0  . 0  
X R ( N P O + 3 ) = 0 . 0  
Y R ( N P O + 3 ) = Y R ( 1 )  
N P T S = N P O + 3  
C A L L  G R A P H ( N P T S , X R « Y R « 0 , 4  i ,  1 0 . 1 . 8 . 1 . 0 . 1 . 0 . 0 . 0 . 0 1 . 0 . 0 .  « X ; » ,  « Y ; »  , ' S T R  
l E A M L I N E S  ; • .  •  ; • J  
R E A D  <  5 , 1  )  N F  
D O  5  1  =  1 . N F  M  
R E A D  ( 5 . 1 )  N P  M  
D O  3  J = 1 . N P  
3  R E A D  ( 5 . 4 )  X P { J ) . Y P ( J )  
4  F O R M A T  ( 2 F 1 0 . S )  
5  C A L L  G R A P H £ i (  N P . X P . Y P j  0 « 2 .  '  0  ;  •  )  
S T O P  
E N D  
D I M E N S I O N  A ( [ 6 1 ) « X ( 1 0 )  .  Y ( 1 0 ) « P S I  ( 1 0 1 ) , X I  ( 1 0 1 )  
C O M M O N  X , Y , A , H , P I , K A , N P O , E L  
E X T E R N A L  F S E )  
P I = 3 . 1 4 1 5 5 3  
K A = 6 1  
R E A D  ( 5 , 1 )  N P O  
1  F O R M A T  ( I l O J )  
R E A D  ( 5 , 2 )  I l  X {  N )  ,  Y (  I M )  . N = l  « i M P O  )  
2  F O R M A T  ( 2 C 2 0 . 1 Q )  
E L = 1 . 0  
H = 0 . 0  7 5  
R E A D  ( 5 , 3 )  Il A ( N )  , N = 1  , K A >  
3  F O R M A T  (  1  l X , i  D 2 3 o  1 6 )  
D X = ( X ( N P G Î - X ( 1 ) ) / 1 0 0 .  
D O  7  I  X =  1  ,  1  0  1  
F M = F L O A T ( I X - 1 )  
X S = X ( l ) + O X » F M  
X I < I X ) = X S  
P S K I  X )  =  P £ J i [ X S , 0  o  )  
W R I T E  ( 6 , 6 )  I X , X S , P S I ( Î X )  
6  F O R M A T  ( 5 X , I 5 . F 1 0 « 5 , F 1 4 . 8 )  
7  C O N T I N U E  
K -  1  
D O  8  J=2, 1 0 0  
8  I  F ( P S I ( J )  . G T . P S I  ( K )  )  K = J  
X L I = X 1 ( K - 1 J  
X R I = X I ( K + 1 )  
E P S = 0 ® 0 0 1  
I E N D = 2 0  
C A L L  R T M I  ( X 2 , F Z , P S D , X L I , X R I o E P S .  l E N O , 1 E R )  
P S M = P S J ( X Z » 0 . )  
W R I T E  ( 6 , 9 )  X Z . F Z , 1 E R , P S M  
9  F O R M A T  ( 5 X , F 1 0 . 5 , F 1 0 . 5 » I S a F 1 5 . 8 )  
D O  1 1  I D =  1 , 1 0 1  
1 1  P U N C H  1 2 , I D , X I ( I O ) , P S I ( I D )  
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O I M E N S I O N  P P X ( 1 7 , 1 5 0 ) , P P Y ( i 7 , l S 0 ) . I P ( 2 5 ) . P S I ( 1 0 1 ) , L L I ( 2 5 ) . G P X ( 1 5 0 )  
I i G P Y (  1 5 0 )  , X R {  1 3 )  . Y R C 1 3 )  
C O M M O N  X ( 1 0 ) , Y ( 1 0 ) , A ( 6 1 ) , H o P I . K A , N P O . E L , Y Y » D X . D Y o I  X . I  Y o J S . K , N M . O P S  
1 . 1  
E X T E R N A L  F S S . P S F  
R E A D  ( 5 . 5 1 ) N P O  
5 1  F O R M A T  C 5 X , I 5 )  
R E A D  (  5  .  5 2 . )  (  X (  N J  .  V (  N >  » N = 1  , N P O i  
5 2  F O R M A T  ( 2 0 2 0 . 1 0 )  
R E A D  ( 5 . 5 3 % K A , H , E L , P I  
5 3  F O R M A T  ( 5 X « I  5 , 3 F 1 O « 6 )  
R E A D  (  5  »  5 4 ; )  (  A C  N )  .  N =  1  , K  A )  
5 4  F O R M A T  ( l l X . D 2 3 o l 6 )  
R E A D  ( S . 5 5 ] i  ( P S I {  J  )  »  J =  1  .  1 0  i  J  
5 5  F O R M A T  ( 4 0 X . F 1 2 « 8 j  
R E A D  ( 5 , 5 6 J i P S M . X M  
5 6  F O R M A T  ( 1 5 X . F 1 2 ® a « 9 X » F 8 . 5 3  
R E A D  ( S , 5 7 ) i D P S  
5 7  F O R M A T  ( l O X . F l O o ô )  
I E N D = 2 0  
D X = ( X ( N P 0 ) - X ( l ) ) / 1 0 0 o  
D Y = D X  
E P S = D X / 2 0 .  
N M = I N T ( P S M / D P S J  
W R I T E ( 6 . 4 0 )  N M  
N X M = I N T ( ( X M - X ( 1 ) i / D X )  
K=0 
N  J  1 = 0  
N M P = N X M + 1  
W R I T E ( 6 i i 4 0 J  N M P  
D O  3  J = l s N N I P  
1  I F ( P S I < N X M - J + 2 ) . L T . F L O A T ( N M - K ) * D P S j  G O  T O  2  
G O  T O  3  
2 K=K+1 
I P ( K ) - N X M - J + 1  
X L  I = F L O A T  ( N X M - J 4 - 1  ) * D X  +  X  (  1  )  
X R I = X L I + O X  
I F < J . e Q . l )  X R I ^ X M  
I F ( J . E Q . l )  N J 1 = N J 1 + 1  
C A L L  R T M I ( X Z . F Z s P S S . X L I , X R I . E P S , I E N D , 1 E R )  
P P X ( K . 1 ) = X Z  
P P Y C K , 1 J = Y Y  
G O  T O  1  
3 C O N T I N U E  
W R I T E  ( 6 . 4 0 , )  K  
K M = K  
K=0 
NJ2=0 
D O  6  J = N M P , .  1 0 0  
4  I F  ( P S  I  C  J + I  J I - L T  « F L O A T d  N M - K  )  C D P S J  G O  T O  5  
G O  T O  6  5 K = K + 1  
X R J = F L O A T (  J J * D X I - X {  ; i  )  
X L  I  =  X R 1 - D X  
I F ( J . E Q . N M P )  X L Ï = X M  
I F < J . E Q . N M P )  N J 2 = N J 2 + 1  
C A L L  R T M I  ( X Z , F Z , P S S . X H , X R I . E P S »  I  E N D . 1 E R )  
PPX(K ,2) = x;: 
P P Y Ï K , 2 > = Y V  
G O  T O  4  
6  C O N T I N U E  
W R I T E ( 6 . 4 0 }  K  
W R I T E ( 6 , 4 0 I  N J 1 . N J 2  
I F f K . N E . K M )  G O  T O  1 0 1  
I F ( N J 2 o L T . N J l  )  N J 1 = N J 2  
N J 1 = N J l + 1  
D O  3 0  I = N J 1 , K  
P A X = F L O A T (  ] : P (  I  j J * D X + X (  1  )  
P B X = P A X  +  D  X  
D O  7  J = l ,  N P O  
I F C P A X » G E . X ( N P O - J J )  G O  T O  8  
7 CCNTINUE 
8  I J = N P C - J  
S L = (  Y  (  I J + 1  : > - Y (  I J ) ) / < X l [ I J + l  > - X C  I  J  )  )  
P A Y = Y  (  I J  Î  + ( : P A X - X <  I J  )  )  
D O  7 1  J = 1 , N P O  
î F ( P B X « G E . . X C N P O - J )  )  G O  T O  7 2  
7 1  C C N T I N U E  
7 2  I J = N P C - J  
S L  =  (  Y  (  I J + 1  l - Y ( I J )  ) / ( X ( [  I  J +  1  > - X (  I  J )  )  
P B Y = Y  (  I  J  )  +  ( [ P 8 X - X  ( I J ) )  * S L  
I X = I P ( I )  
I V = I N T C P A Y / D Y )  
P O Y = F L O A T  <  ] t  Y  )  * D V  
P S A = P i > I  (  I X - i K l  ) — F L Q A T C N M - I + l  )  * D P S  
P S Q = P S I  (  I X i l - 2 ) - F U a A T ( N M — I + l  ) * D P 5  
P S O = P S P {  I X  , ,  l Y )  
P  S C = P  S P ( I X H H . I Y )  
IF  C  PSC*PSD, iGT  , 0  )  GO TO 9  
JS=3 
C A L L  R T M I  ( X Z . F Z « P S F , P A X . P B X . E P S »  I  E N D , I E R )  
P P X l I , 3 ) = X Z  
P P Y C I . 3 ) = P D Y  
I Y = I Y - 1  
P S A = P S O  
psa=psc 
G O  T O  1 1  
9  I F ( P S A * P S C « G T . O )  G O  T O  1 0  
J  8 = 4  
C A L L  R T M I ( X Z , F Z * P S F , P D Y,PAy, E P 5 , I E N D , I E R )  
P P X ( I , 3 ) - P A X  
P P Y { I , 3 ) = X Z  
IX=IX-1 
P S C = P S O  
psa=psp(i x ^ i « i Y + i )  
M 0» O 
G O  T O  1 1  
1 0  I F  C P S B * P S C , . G T .  O  )  G O  T O  2 9  
JS=2  
C A L L  R T M I  ( X Z . F Z k P S F s P D Y  . P B Y . E P S O  l E N O . I E R )  
P P X d  » 3 >  =  P £ ) X  
P P Y ( I , 3 J = X Z  
IX=IX+l 
I F  ( P P Y (  I  . 3 1  . G T « P D Y  +  D Y >  I Y = = I  Y +  1  
P S A = P S P ( I X v i y + 1 )  
P S D = P S P ( I  X ,  I  Y )  
1 1  C C N T  I  N U E  
L I = 3  
I F  ( l E R o E Q . Î Î )  G O  T O  29 
1 2  D I X = F L O A T ( I X ) * D X + X ( l j  
I F ( I Y o G T . 3 C ) J  G O  T O  2 9  
I F ( P P X £ I  .  2 J - G T . D I X  - A N D . P P X ( I . 2 3  . L T « D I X + D X  . A N O . P P Y  
l ( I , 2 ) . G T . F L O A T f I Y } * D Y . A N D » P P Y ( I * 2 ) . L T . F L O A T ( I Y + l ) * O Y )  G O  T O  2 9  0 »  
L  I  = L  I  +  1  
I F { J S . E Q . 1 J  G O  T O  2 1  
I F ( J S . E Q . 2 ]  G O  T O  2 6  
I F ( J S . E Q . 3 :  G O  T O  1 3  
I F t J S . E Q . 4 J  G O  T O  1 6  
S T O P  
1 3  P S O = P S P (  I  X ,  I  Y )  
P S C - P S P (  I  X ^ - 1  »  l Y J  
I F ( P S C < = P S D . G T » 0 3  G O  T O  1 4  
1 8  J S = 3  
P A X = F L O A T ( I X ) * D X  +  X (  1  J  
P 8 X = P A X + D X  
C A L L  R T M I  f X Z . F Z » P S F  , P A X » P a x . E P S .  I  E N D »  1 E R )  
P P X d , L I J = X Z  
P P Y ( I  , L I  ) = F L D A T C l Y  J  » D Y  
IY=IY-1 
P S A = P S D  
P S B = P S C  
G O  T O  1 2  
1 4  I F ( P 3 A « P S D . G T - 0 )  G O  T O  1 5  
2 0  J S = 4  
P D Y = F L O A T ( I Y ) * D V  
P A Y = P D V + D Y  
C A L L  R T M I  ( > : Z , F Z ® P S F  .POy» P A Y s E P S o  l E N D . I E R i  
P P X (  I . L I  ) = F L O A T (  I X A * D X  +  X (  il ) 
ppy(I . L I)=XZ 
IX-IX-1 
P S S = P S A  
P S C = P S D  
G O  T O  1 2  
1 5  I F ( P S B * P S C * G T . O )  G O  T O  2 9  
2 5  J S = 2  
P C Y = F L O A T ( ] Y ) * D Y  
P B Y = P C V + D Y  
C A L L  R T M I ( X Z « F Z o P S F . P C Y , P B Y . E P S o I £ N D » I E R )  
P P X Î I  . L I  ) = F L O A T l  I X - o - l  ) $ D X + ) ( (  I )  
P P Y ( I . L I ) = X Z  
I X = I X + 1  
P S A = P S B  
P S D = P S C  
G O  T O  1 2  
1 6  P S A = P S P ( I X „ l Y + l I  
P S O = P S P ( I X « I Y )  
I F  ( P S C = f ! = P S D . , G T « 0  Î  G O  T O  1 7  
G O  T O  1 8  
1 7  I F ( P S A * P S C # G T . O )  G O  T O  1 9  
G O  T O  2 0  
1 9  I F ( P S A * P S B - , G T . O )  G O  T O  2 9  
2 4  J  S = 1  
P A X - F L O A T ( I X ) * D X + X g 1 )  
P B X = P A X + D X  
C A L L  R T M I  { X Z . F 2 o P S F . P A X . P B X . E P S »  I E N D , 1 E R )  
P P X ( I  . L I  ) - X Z  
03 C O  
P P Y (  I . L I  ) - l - L . O A T (  I Y + l j * D Y  
I V = I Y + 1  
P S D = P S A  
pse=psc 
G O  T O  1 2  
2 1  P S A = P S P ( i a , I Y + l )  
P S B = P S P <  I X - H  «  I V + l  i  
I F ( P S A * P S C . G T , 0 )  G O  T O  2 2  
G O  T O  2 0  
2 2  I F { P S A - - S = P S B . . G T . O )  G O  T O  2 3  
G O  T O  2 4  
2 3  I F ( P S B * P S C w G T . O )  G O  T O  2 9  
G O  T O  2 5  
2 6  P S B = P S P (  I X - H  .  I Y + 1  )  
P S C = P S P (  I X - H  ,  I  Y )  
I F ( P S C ^ P S D o G T . O )  G O  T O  2 7  
G O  T O  1 8  
2 7  I F  ( P S B * P S C , . G T  . 0  )  G O  T O  2 8  
G O  T O  2 5  
2 8  I F ( P S A * P S B » G T . 0 )  G O  T O  2 9  
G O  T O  2 4  
2 9  L L I C I ) = L I  
W R I T E  ( 6 , 4 0 %  1 _ I  «  J S .  I  Y ,  I  X  
3 0  C C N T I N U E  
J N M = N P a + 3  
D O  3  7  J N = 1 , , N P 0  
Y R ( J N  )  =  Y  {  J N J  
3 7  X R ( J N ) = X { J N J  
X R ( N P O ^ l >  = X R ( N P O )  
Y R  (  N P O - 3 - 1  ) = 0 .  O  
X R < N P O + 2 ) = 0 . 4 1  
Y R < N P O + 2 ) = 0 . 0  
X R ( N P O * 3 ) = 0 . 4 1  
Y R ( N P O + 3 )  =  V R (  1 ^  
C A L L  G R A P H ( ; J N M . X R . Y R » 0 . 4 »  I  0 . 1  » 8 o  1 . 0 . 0 2 ,  
M O X  
vO 
4 1 , 0 . 0 2 , 0 . 0 , , « S T R  
l E A W L I  N E S  ;  •  t ,  '  ;  •  5  
D O  3 5  J =  1  . K  
NP^LLI (J)-ll 
G P X (  1  ) = P P X ( ;  J  ,  1  i  
GPX(NP+1)=PPX(J»2) 
G P Y (  1  J = P P Y ( [  J  .  1  >  
G P Y ( N P + l  )=f*PY( J » 2 )  
I F ( N P - l i  3 3 . 3 3 , 3 1  
3 1  D O  3 2  J J = 2 , N P  
G P X ( J J J = P P X ( J . J J + 1 )  
3 2  G P Y { J J J = P P Y ( J » J J + 1 )  
3 3  I F t N P . E Q .  l „ O R . N P . E Q « 2 J  G O  T O  3 4  
N P P - L L I ( J )  
C A L L  G R A P H 3 ( N P P . G P X , G P Y . O , 2 , '  ; • >  
G O  T O  3 5  
3 4  C A L L  G R A P H S ! N P P * G P X . G P Y  . 0 » 2 . •  ; • )  
WRITE C6. 4 0.) NPP TO 
40 FORMAT (110) 
D O  4 2  1 = 1 » N P P  
4 2  W R I T E ( 6 . 4 3 )  G P X i  I  J , G P Y (  I  }  
4 3  F O R M A T  ( 2 E 2 0 . 7 )  
. 3 5  C O N T I N U E  
1 0 1  C C N T I N U E  
S T O P  
E N D  
F U N C T I O N  P S S { X X )  
C O M M O N  X ( 1 0 ) . Y ( 1 0 ) . A ( 6 l ) , H « P I ,  K A  .  N P O  .  E L  »  Y  Y  «  D  X  .  D Y » I X , I Y ® J S - , K . N M » D P S  
1 * I 
D O  1  J = l , N P O  
I F  ( X X  « G E  .  X i C N P O - J  )  >  G O  T O  . 2  
1  C O N T I N U E  
2  I J = N P C - J  
Y Y ^ Y (  I J  >  +  ( X X - X « I J ) ) * ( Y ( I J  +  l ) - Y ( I J j ) / ( X ( I J  +  l ) - X ( I J ) )  
P S S = 0 . 0  
D O  3  N = 2 . K A  
F N = F L C A T {  N - 1  )  
C M = X .  0 / C O S H ( F N * P I * H / E L >  = f e l O O O o  
3  P S S = P  S S - A ( N ) * C M * S I N ( F N * P I * X X / E L ) * S I N H <  F N * P I * Y Y / E L )  
P S S = P S S - F L O A T ( N M — K + 1 ) * O P S  
R E T U R N  
E N D  
F U N C T I O N  P S P ( I V , I W 3  
C O M M O N  X ( 1 0 ) , Y ( 1 0 ) « A ( 6 1  > . H . P I  » K A , N P O « E L » Y Y » D X . D Y , I  X . I  V , J S , K . N M . O P S  
1 « 1 
X A = F L O A T C  E V ) * D X + X ( 1  i  
Y A = F L O A T ( I W j # D Y  
P S P = 0 . 0  
D O  1  N = 2 » K A  
FN=FLOAT(N—X i 
C M — 1 . 0 / C O S H ( F N * P I * H / E L ) * 1 0 0 0 .  
1  P S P = P S P - A ( N ) * C M * S i N ( F N * P I * X A / E L ) * S I N H ( F N * P I * Y A / E L )  
P S P = P S P - F L Q A T ( N M - I + 1 ) K D P S  S  
R E T U R N  
E N D  
F U N C T I O N  P S F t X X J  
C O M M O N  X ( 1 0 J , Y ( 1 0 ) , A { 6 1 ) , H . P I  , K A  9 N P O . E L . Y Y » D X . D Y o I X . I Y . J S . K 9 N M . D P S  
I . I  
I F ( J S . N E « , 3 J  G O  T O  1  
X A = X X  
Y A = F L O A T ( I Y ) * D Y  
G O  T O  4  
1  I F ( J S . N E . 4 )  G O  T O  2  
Y A = X X  
X A = F L C A T (  I X ) * D X + X ( 1  >  
G O  T O  4  
2  I F ( J S . N E . l )  G O  T O  3  
X A = X X  
Y A = F L O A T C  I  Y - 0 - 1  ) * D Y  
G O  T O  4  
3  I F ( J S « N E « 2 i  S T O P  
Y A = X X  
X A = F L . O A T C  i X + 1  ) * O X + X (  1  J  
P S F = 0  « 0  
D O  5  N - 2 , K A  
F N = F L O A T  (  N - - 1  i  
C M = 1 . 0 / C O S H ( F N * P I » H / E L ) * 1 0  
P S F = P S F - A ( M ) * C M * S i N ( F N * P I #  
P S F = P S F - F L O A T (  N M - I - >  1  )  * D P S  
R E T U R N  
E N D  
0  0 .  
( A / E L ) * S I N H ( F N * P I * Y A / G L )  
M 
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APPENDIX C. APPENDIX FOR MODEL III 
Computing Constants 
Beginning on the next page is a computer printout of the program 
used to compute the constant values needed for the successive approxima­
tion technique of Jfodel III. This program is referred to in Chapter IV 
as the "first program." 
I M P L I C I T  R E A L M S  ( A - H . O - 2 J  
D I M E N S I O N  T H A C S Î  » T H B ( 5 J . J A ( 3 ) . J B ( 3 ) . R A ( 9 9 9 ) , R G ( 9 9 9 ) « Y V A ( 4 0 0 ) » Y V B ( 5  
1 0 0 i . Z C 9 9 9 J  
D I M E N S I O N  t t P A l l  4 3 )  o U T (  4 3  b 4 4 >  « R B O N A S t  1 5 0 )  . R A O N B 5  (  1 5 0 )  «  I S P B C 4 3  Î  
R £ A D ( 5 , l )  O E . B . X R . X L . K A . F S E G  
1  F O R M A T ( 4 D 1 0 . 2 , I i 0 « D l O . 2 )  
W R ï T E < 6 , 5 0 0 >  D E . S b X R O X L . K A . F S E G  
5  0 0  F O R M A T  (  1  X  •  4 D ; 2 3  .  1 6  •  1  1  0 / . D  2 3  «  1  6  )  
D = D E  
P I = 3 . 1 4 1 5 9 2 6 5 3 5 8 9  7 9  3 0  0  
T H A ( I ) = D A T A N ( D / X R )  
T H A ( 2 ) = P I / 2 . 0 0  
T H A < 3 ) — P I - O A T A N t ( B + D ) / X L )  
T H A <  4  > = P I - D A T A N ( B / X L )  
T H A ( 5 ) = D A T A N ( X L / B )  
W R I T E ( 6 , 5 0 1 )  < T M A t 1 ) » I = 1 . 5 Î  
5 0 1  F O R M A T  ( 1 X . 5 D 2 3 . 1 6 )  
T H B ( 1 ) = T H A ( 1 )  
T H B ( 2 ) = T H A ( 2 J  
T H B ( 3 ) = P I + D A T A N ( ( B - D ) / X L )  
T H B ( 4 )  =  2  . C O # P I - T H A C  4 )  
T H B ( 5 ) = P I - T H A ( 5 )  
W R I T E ( 6 , 5 0 1 )  ( T H B ( I ) . 1 = 1 . 5 )  
D T A = T H A ( 4  ) / F S E G  
O T e = T H G ( 4 ) / F S E G  
W R I T E ( 6 . 5 0 2 )  O T A . O T B  
5 0 2  F O R M A T  ( 1 X , 2 D 2 3 * 1 6 )  
J M ^ I O  I N T  {  F S E G S - l  « 0 0 - H  « D - 1 4 )  
D O  5  1 = 1 . 3  
J A ( I Ï  =  I D I N T ( T H A ( I  ) / O T A ) + 1  
5  J 6 ( I ) = I D I N T ( T H B ( I ) / D T 8 ) + 1  
W R I T E ( 6 . S 0 3 )  ( J A (  1 > «  1  =  1 . 3 )  
5 0 3  F O R M A T  ( I X . 3 1 1 0 )  
W R I T E ( 6 , 5 C 3 )  ( J B ( I ) . I = 1 . 3 )  
J H A = J M - J A ( 3 )  
W R I T E ( 6 , 5 0 4 )  J H A . J H S  
5  0 4  F O R M A T  ( I X . I  9 » 1 1 0 )  
R M = D S Q R T ( X R * * 2 + D * D )  
Y A H=a/ 2 . D 0 / R M  
R O A = D E * D 5 I N ( T H A ( 5 ) ) / R M  
R O & = D E » O S I N ( T H B ( 5 ) J / R M  
O O  2 0  1 = 1 , J M  
T H = O T A » D F L O A T ( I - l )  
[ F ( I « L E . J A ( 1 ) )  GO T O  8  
I F  (  1  . l _ E .  J A ( 2 )  )  G O  T O  7  
I F ( I . L E . J A ( 3 ) )  G O  T O  6  
R A(I ) = O L O G ( - X L / R M / D C O S ( T H ) )  
G O  T O  9 
6  A R = R O A y ' D C C S ( T H - T H A (  5 )  )  
Y V A ( I - J A ( 2 ) ) = A R * O S I N ( T H ) - ( D E / R M + Y A H )  
R A  ( X  )  = D L C C (  A I R )  
G O  T O  9  
7 R A ( I ) = O L O G ( D E / R M / O S I N ( T H ) >  
G O  T O  9  
8  R A (  I  ) = D L O G ( X i f l / R M / O C O S ( T H )  )  
9  C E N T I  N U E  
T H = D T B * D F L O A T ( I - l )  
I F(I . L E«Je ( l ) D  G O  T O  1 1  
I F(I , L E - J B < 2 ) î  G O  T O  1 2  
I F  (I . L E.JEO) ) GO T O  1 3  
R 8 ( I ) = O L O G ( - X L / R M / O C O S ( T H ) Î  
G O  T O  1 4  
1 1  R B  ( I  ) = D L . a G ( X R / R M / D C O S ( T H )  )  
G O  T O  1 4  
1 2  R 6 ( : ) = D L O G ( D E / R M / D S I N ( T H ) )  
G O  T O  1 4  
1 3  B R = R a B / O C Q S ( T H - T H B ( 5 ) )  
Y V B ( I - J 8 ( 2 )  ) = = 8 R ' > D S Ï N ( T H Î +  ( - D E / R M  +  Y A H )  
R B ( Z ) = D L C G ( B M )  
M 
vû \ji 
1 4  C O N T I N U E  
2 0  C O N T I N U E  
W R I T E  ( 6 . 5 0 1 )  ( R A C I  )  »  1  =  1  ,  J M  
W R I T E  ( 6 »  5 0 1  )  ( R B Î  I  ) *  1 = 1 .  J M : !  
J A J = J A ( 3 )  
J B 3 = J B <  
J A 3 M 2=JA{ 3 i - J l A < 2  J 
JB3MI2-JBC 3>-JIB(2 J 
W R I T E ( 6 . 5 0 1 )  ( Y V A ( I ] « 1 = 1 . J A 3 M 2 )  
W R I T E  ( 6 , 5 0 1 )  (  Y V 8 (  I  ] )  9  £  =  1  .  J H 3 M 2 )  
B L P = P I / T H B ( 4 )  
A L P = P I / T M A ( 4 )  
D O  3 5  1 =  I  , K A  
I F f l . N E . l )  G O  T O  2 9  
D O  2 8  I  1 = 1 , J A 3  
Z < I I ) = - Y A K  M  
I F  <  I  I  . G T  ,  J A (  2 )  )  Z ( I  1  J = \ ' V A (  I  1 - J A < 2 )  )  ^  
2 8  C O N T I N U E  
G O  T O  3 1  
29 DO 30 11=1 tJA3 
F M = O F t _ O A T  ( I - l  )  
R A M = R A (  I  I  ) $ F H I * A L P  
I F C R A M + S O o D O )  3 3 , 3 3 , 3 2  
3 3  2 < I J I ) = 0 . D 0  
G O  T O  3 0  
3 2  Y V = - Y A H  
I F ( £ I a G T . J A ( 2 } )  Y V = Y V A ( I I - J A « 2 ) >  
Z ( I I ) = Y V * O E X P ( R A M ) * D C O S ( F M * P K » D F L O A T ( I I ~ 1 ) / F S E G )  
3 0  C O N T I N U E  
21 C A L L  O Q S F ( O T A . Z , Z , J A 3 )  
3 5  W P A U  ) = Z (  J A 3 - 2 )  
W R I T E  ( 6 , 5 0 1 )  { W P A (  I  )  . 1  =  1  , K A 1 I  
D O  4 0  1 = 1  » K A  
I F ( I . N E . l )  G O  T O  3 7  
D O  3 6  I I = S « J 3 3  
Z C  I  E ) = Y A H  
I F C Î I . G T . J B ( ; Î ) )  Z i l  I J = Y V B (  I  I - J 8 < 2 )  )  
3 6  C O N T I N U E  
G O  T O  3 9  
3 7  D O  3 8  I I = I . J f 3 3  
F M = D F L O A T t I - l l )  
R 8 M = R B { I  I ) * F M * B L P  
I F ( R a M  +  5 0  . D O J »  3 8 1 * 3 8 1 . 3 8 2  
3 8 1  Z « l f ) = 0 « 0 0  
G O  T O  3 8  
3 8 2  Y V = Y A H  
I F  < 1 1  . G T . J 8 ( 2 ) )  Y V = Y V B <  n i - J I 3 (  2 )  >  
Z C I I )=YV$ O E X P ( R B M ) * D C O S ( F M * P I * D F L O A T < I I -1) / F S E G )  
3 3  C O N T I N U E  
3 9  C A L L  D G S F ( O T £ 3 . Z . Z o J B 3 >  
4 0  f c l P B f  I  J = Z Î  J B 3 - 2 )  
W R I T E ( 6 . 5 C 1 )  ( W P B ( I ) , : = 1 , K A )  
D O  4 4  1 = 1 . K A  
F I = O F L O A T  (  1 - J ,  )  
D O  4  2  1 1 = 1 , 1  
F I  I = O F L a A T (  I  i ; - i  )  
D O  4 1  I I J I = l . J M  
R A M = R A ( I  I I ) * A L P * ( F I + F I I  Î  
I F  ( R A M + 5 0 « D 0 J i  4 0 1  9 4 0 1 . 4 0 2  
4 0 1  Z (  H I  )  =  O . D O  
G O  T O  4 1  
4  0 2  Z <  I I  I  )  =  O E X P t R A M ) * D C O S (  F I « P I i X D F L O A T  1 1  H - 1  ) / F S E 6 ) * D C O S ( F i I * P I * D F L O A T  
I  C I  I I - 1  l / F S E G 1  
4 1  C O N T I N U E  
C A L L  D O S F { D T A » Z .  Z s J M J i  
4 2  U T ( I . I I ) = 2 ( J M )  
4 4  C O N T I N U E  
D O  5 1  1=1,K A  
F I = O F L O A T ( I - l  )  
D O  5 0  1 1 = 1 . 1  
F I  I - O F L O A T (  I i : - !  )  
D O  4 5  
R B M = R B t I  ï  ( ) $ B L P * ( F I + F f I J  
I F  ( R B M  +  5 0  « D O  i )  4 4 1  « 4 4 1 . 4 4 2  
4 4 1  Z { I I I ) = 0 . D 0  
G O  T U  4 5  
4 4 2  Z ( I I I ) = D E X P ( « B M ) * D C O S ( F n * P I > D F L O A T ( I I I - l ) / F S E G ) « O C O S ( F I I • P I • D F L O A T  
1 (  I  I I - 1  J / F S E G J I  
4 5  C O N T I N U E  
C A L L  D 0 S F ( D T B » 2 . Z » J M )  
5 0  U T ( K A + 1 - I , K A ^ 2 - I I ) = Z ( J M )  
5 1  C C N T I N U E  
K P = K A + 1  
W R I T E ( 6 . 5 0 1 )  ( ( U T ( I , I I ) , I = 1 , K A ) . I I = 1 , K P )  
J 3 P = J  A 3  +  1  
D O  5 5  I= J 2 P . J M  
R B A 5 =  D E X P C  R A  O  ) ) W S I N ( D T A * D F L O A T € I - l I D - B / R M  
R B G N A 5 C I - J A { 3 J } = D L Û G K R e A 5 i  
5 5  C C N T I N U E  
W R I T E ( 6 , 5 0 1 )  ( R B O N A 5 ( 1  î  o  1 =  l »  J H A  >  
J 3 Q = J B 3 + 1  
D O  5 6  I = J 3 Q » J M  
R A B 5 =  D E X P ( ! R a « î  )  J ' > , O S I N (  D T B * O F L O A T (  I - l  J J + B / R M  
R A C N 8 5 (  I - j a ( j )  )  =  O L O G ( [ R A B 5  )  
5 6  C O N T I N U E  
V m i T E { 6 , 5 0 1 }  < R A O N B 5 < 1 5 , I - 1 . J H B )  
D O  7 0  1 = 1 , J A : J  
Z ( I ) = ( - Y A h ) * # 2  
I F {  I . G T o J A ( 2 l l  ) Z ( l j = Y V A ( I - j A ( 2 ) ) * * 2  
7 0  C O N T I N U E  
C A L L  D Q S F ( D T A . Z . Z o J A 3 )  
F P A 2 = Z C  J A 3 - 2 ] i  
D O  7 1  1 = 1 , J 8 3  
Z ( I ) = Y A H 4 * 2  
I F ( l « G T « J B ( 2 J i )  Z (  Ï ) = Y V B C I - J I 3 C 2 )  ) * * 2  
C O  N T  I  M U E  
C A L L  D O S F < D T H , Z » Z » J B 3 )  
F P e 2  =  Z {  J B 3 - 2 J )  
W R I T E ( 6 , 5 0 2 )  F P A 2 » F P e 2  
W R I T E  ( 2 1 )  O . B o X R ,  X L  o K A . F S E G  
W R I T E  ( 2 1  )  ( T H A  Î  I  )  »  1  =  1 . 5 )  
W R I T E  ( 2  1 )  ( T H B Î I ) ,  1  =  1 . 5 )  
W R I T E  ( 2 1 )  D T A . O T B  
W R I T E  ( 2 1 )  ( J A (  I ) . :  =  1  1. 3  )  
W R I T E  ( 2 1 )  (  J B (  I )  . ] [  =  1  « 3  )  
W R I T E  ( 2 1  )  J H A . J H B  
W R I T E  ( 2 1 )  (RA(  1  )  . 1  =  1  « J M )  
W R I T E  ( 2 1 )  ( R B ( I ) . %  = 1 K J M )  
WRITE ( 2 1  J  (yVAd ) »1 = J , J A 3 M 2 )  
W R  I  T E  ( 2 1 )  (Yva«I)» 1 = t , J 8 3 M 2 )  
W R I T E  ( 2 1 )  ( W P A t l  )  ,  1  =  l . K A )  
W R I T E  ( 2 1  )  ( W P B (1 )  J 1 = l . K A  )  
W R I T E  ( 2 1 )  { ( U T ( I » I I ) . 1 - 1 . K A ) , I I  
W R I T E  ( 2 1 )  ( R B O N A S i I  I )  9 l = J  , J ) H A )  
W R I T E  ( 2 1 )  ( R A O N B S a I  J o I  = l JJ H B )  
W R I T E  ( 2 1 )  F P A 2 , F P B 2  
E N D  F I L E  2 1  
S T O P  
E N D  
l . K P )  
vD \0 
200 
"tm 4m 
The program listed starting on the next page is the "second program" 
for Model III of Chapter IV. It computes and values, Bessel's 
inequality values, and generates graphs of the "boundary condition match. 
Figs. 4-5 through 4-16 were produced by this program, three on each run. 
I M P L I C I T  R E A L » 8  C A - H , 0 - Z )  
R E A L M S  J ( 9 0 3 ) . J T E M P  
C O M M O N  t f T ( 4 3 . 4 4 i  o  R A  f i  9 9 9  J  ,  R O  (  9 9 9  )  a R R ( 9 9 9 )  • X X G { 2 0 0 >  «  Y Y G C  2 0 0  ) •  Y V A  ( 4 0 0  
1 ) . Y V S ( 5 0  0 ) . V V ( 5 0 0 ) . W P A ( 4 3 1 , % P B ( 4 3 ) . A ( 4 3 ) . W P < 4 3 ) « U ( 4 3 ) . C ( 4 3 ) . D ( 4 3 ) .  
2 G ( 4 3 )  • R R 5 ( 1 5 0 ) . Z C  1 5 0 )  » P H I 5 I U 5 0 ) • P H I A 5 ( 1 5 0 ) • R B O N A 5 ( 1 5 0 ) , R A O N B 5 ( 1 5 0 }  
3 . T H C 3 ) . T H A C S i )  . T H f c i ( 5 »  
C O M M O N  D E . B . X R o X L ,  F S E ( i  .  D  T  A  .  O T  B  .  D T  .  P  I  »  F P 2  «  F P A 2 .  F P S 2  »  A L P  .  B L P  »  A B U P  
I . Y A H , R M  e C V A H  
C O M M O N  J A  ( 3 )  .  J B <  3 )  .  J A O R B (  3 J i  
C O M M O N  J M o  J H A «  J H 8 .  J H »  J 3 « I  A E ) ' >  J P «  J H  N  .  J  A 3 M 2  •  J B 3 M 2  •  K A  •  K A  A  
C O M M O N  I P M O D E j N D G  
C A L L  R E A D  
D O  1 6  I A 6 = 1 . 2  
C A L L  C A S E  
C A L L  I N T G R T Î O . O . 0 , F 2 i  
0 1  B N = 0 f >  O D O  
I F Ï K A . L T o O )  S T O P  
O O  1 4  N C A P P l = l , K A  
M = N C A P P 1 - 1  
C A L L  I N T G R T C 1 . M * 1 « W )  
D C  1  K = 1  Q  N C A P P l  
N = K - l  
C A L L  I N T G R T C 2 » M » N « U ( K ) i  
1  C O N T I N U E  
W R I T E  ( 6 , 2 )  M ,  W  »  M f f  M  «  (  U (  I I  ) «  i :  1  =  1  ( N C A P P I I  
2  F O R M A T (  / / /  •  W ( ' . I 2 « * }  =  ' » E 1 4 . 7 / / / "  U ( ' , I 2 * * , J )  F O R  J =  
1  0 « ' . I 2 / / ( 6 ( 6 X . E 1 4 . 7 ) ) )  
N C A P - N C A P P l - 1  
N C  A P M  1  = N C  A P —  1  
I F ( N C A P M l )  3 , 4 , 5  
3  D ( 1 ) = U ( 1 )  
G {  I  J  =  t s  
E = G ( i ) / D ( 1 )  
A (  I  )  =  E  
G O  T O  1 1  
4  c (  I  )  =  U (  1 ) / D (  1 )  
D ( 2 j - U ( 2 ) - C ( 1 ) » C ( 1 ) * D ( 1 )  
G < 2 > = W - C ( 1 ) * G ( î >  
E = G ( 2 ) / 0 ( 2 )  
JC 1 )  =  C (  1 i 
A l  1  J = A <  l  (  t  )  
A (  2 ) = E  
G O  T O  1 1  
5  C (  1 )  =  U (  1  )  / D (  1  )  
N F O R J = 0  
O O  7  N = 2 » N C A P  
C T E M P = U < N )  
N M 1 = N — l  
O O  6  N N = 1 , N M 1  
N F C R J  =  N F O R J < - l  
6  C T E M P = C T £ M P - U ( N N > * J { N F O R J )  
7  C ( N ) = C T E M P / D ( N )  
D T E M P = U ( N C A P P l )  
G T E M P = W  
D O  8  N = l o N C A P  
C T E M P = C ( N )  
D T E M P = D T E M P - C T E M P * C T E M P * 0 ( N )  
e  G T E M P = G T E M P - C T E M P * G ( N )  
D t  N C A P P l } = O T E M P  
I F C O C N C A P P l 3 « L T . O . D O )  G O  T O  1 4 2  
G C  N C A P P l  ) = G T E M P  
E = G T E M P / D T E M P  
N S T A R T = 0  
O O  1 0  N = i . N C A P M i  
J T E M P = C <  N )  
N S T A R T = N S T A R T + N  
N F O R J = N S T A R T  
N P  1 = N + 1  
D C  9  N N = N P 1 » N C A P  
J T E M P  =  J T E M P - C ( N N  i  « J  t N F O R J  )  
8 
^  N F O R J = N F O R J + N N - l  
J ( N F O R J J = J T E M P  
1 0  A ( h D = A ( N ) - E * J T E M P  
N F G R J = N F O R J + n  
J t N F O R J ) = C { N C A P }  
A ( N C A P ) = A  1 N C A P Î - E * J « N F C R J )  
A ( N C A P P l > = E  
1 1  C C N T I N U E  
B N = A (  N C A P P  1  )  » * 2 * D ( N C A P P 1 )  + 8 A I  
B C - 8 N / F 2  
t t R I T E ( ô . l 2 J  [ I f , 1 1 = 1 . N C A P P l )  
1 2  F O R M A T ( / / / /  •  A C  ,  1 2 ,  ' , Jl!i F O R  J  =  0 . » « I 2 / / ( 5 ( 2 X . D 2 3 . 1 6 ) ) )  
W R I T E < t 6 . 1 3 1  Mi . O C  N C A P P l  I  , B N .  B C  
1 3  F O R M A T ( / «  0 < « . I 2 » " 5  =  »  . O  I  7  .  II O  •  3 X  ,  •  B N =  •  ,  0 1 7  .  I  O  .  3 X  •  •  B C =  •  •  D  1  7  .  1  0  )  
I F ( B C - 1 . D 0 J  1 4 . 1 4 1 , 1 4 1  
1 4  C C N T I N U E  
G O  T O  1 4 3  
1 4 1  K A = N C A P P l - 4  
G O  T O  1 0 0  1  
1 4 2  K A = N C A P P l - 2  
G O  T O  1 0 0 1  
1 4 3  C C N T I N U E  
I F  (  I I P M O O E « E Q o 3 )  C A L L  C A R D S  (  A «  4 3  .  N C A P P l  i  
C A L L  P L T P H I  
C A L L  P H I R A B  
1 6  C O N T I N U E  
C A L L  C C M P L  
W R I T E  ( 2 2 )  ( P H I 5 ( I + 5 » . 1 = 1 . J H A )  
E N D  F  I L E  2 2  
R E b E N D  2 2  
1 5  S T O P  
E N D  
S U B R O U T I N E  R E A D  
I M P L I C I T  R E A L * 8  ( A - H . C - 2 )  
C O M M O N  U T Î 4 3 o 4 4 )  . R A ( 9 9 9 ) , R B ( « ) 9 9 )  » R R ( 9 9 9 J  » X X G ( 2 0 0 )  , Y Y G ( 2 0 0 ) , Y V A ( 4 0 0  
I J « yva( 5 0 0  y. Y V ( 5 0 0 ) ,  W P A ( 4 3 ) , * P B ( 4 3 ) « A ( 4 3 ) . W P ( 4 3 ) . U ( 4 3 ) , C ( 4 3 ) . D ( 4 3 ) .  
2 G C  4 3 )  . R R 5 ( 1 5 0 )  . Z <  1 5  0 )  . P H I 5 (  1 5 0 )  . P H I A 5 ( 1 5 0 )  « R B O N A 5 « 1 5 0 ) » R A O N B 5 ( 1 5 0 )  
3 o T H ( £ 5 ) , T H A ( 5 ) «  T H B ( 5  )  
C O M M O N  O e  » B »  X R  « X L .  F S E G . U T A . D T B . O T . P I . F P 2 . F P A 2 , F P 8 2 . A L P . B L P « A B L P  
l o Y A H , R M . C V A H  
C O M M O N  J A ( 3 )  •  J B ( 3 )  # J A C R B ( 3 Î  
C O M M O N  J M  ,  J H A  »  J H B . J H »  J 3 *  I A B . J P »  J H N , J A 3 M 2 . J B 3 M 2 * K A , K A A  
C O M M O N  I P M O D B t N D G  
R E A D  ( 5 , 1 )  I P M O D H  
R E A D ( 5 , 1 )  N D G  
F O R M A T  ( 1 1 0 )  
P I = 3 .  1 4  1  5 S 2 6 5 3 5 8 9 7 9 3 D 0  
R E A D  ( 2 1 )  Oe, 0 , X R , X I _ o K A , l - S E G  
J M  =  I O I N T ( F S E G  +  l . O O + i  , 0 - 1 4  I  
R E A D  ( 2 1 )  ( T H A Ï  I)  ,  1=  1 , 5 )  
R E A D  ( 2 1  )  (  T H B  4  1 ) , ,  I -1 , 5 )  
R E A D  < 2 1  )  D T A . O T B  
R E A D  ( 2  1 )  ( J A (  I )  ,  t t  = 1  1. 3  )  
R E A D  ( 2 1 )  ( J 3 (  I )  =  1  , 3  )  
R E A D  ( 2 1  )  J H A , J H B  
R E A D  ( 2 1  )  <  R A  (  I  )  .  ] [  =  1  »  J M )  
R E A D  ( 2 1 )  (  R s  (  1  )  «  ] ;  =  %  ,  J M  )  
B L P = P 1  / T H a ( 4 )  
A L P = P I / T H A ( 4 )  
J A 3 M 2  =  J A (  3 )  - J I A ( 2  )  
J B 3 M 2  =  J 8 (  3 )  - J B ( 2 )  
R E A D  ( 2 1  ) (  Y V A C  I  ) »  1  • =  1  »  J A 3 M 2 )  
R E A D  (  2 1  ) (  Y v a «  I  ) f >  I  —  1  »  J B 3 M 2 )  
R E A D  ( 2 1  ) (  W P A (  I  ) « >  I  —  1  »  K A  1  
R E A D  (  2  1  ) (  W P B  (  I  ) il K A  ] i  
K P = K A + I  
R E A D  ( 2 1 )  (  C  U T (  I  ,  I  I  )  »  1 = 1  , K A : )  . 1 1  =  1  , K P )  
R E A D  ( 2 1 1  { R B O N A 5 (  I )  ,  I  =  1  I J H A )  
R E A D  ( 2 1 )  C R A O N 8 5 ( I ) . 1 = 1 . J H B )  
R E A D  ( 2 1 )  F P A 2 , F P B 2  
R M = D S Q R T ( % R * * 2 + D E * * 2 )  
Y A H = 8 / 2 . D O / R M  
I F d P M G O E o E Q .  1  J  G O  T O  1 0  
G O  T O  1 2  
1 0  O O  1 1  l = l i > J H A  
11 PHIA5{ I » = V A H  
1 2  1 F ( I P M O O E o E Q « 2 » O R . I P M a D E . E a « 3 )  R E A D  ( 2 2 )  < P H i A S f I ) s  1 = 1  « J H A )  
R E W I N D  2 2  
R E T U R N  
E N D  
S U B R O U T I N E  C A S E  
I M P L I C I T  R E A L * 8  ( A - M . O - Z )  
C O M M O N  U T ( 4 3 , 4 4 ) , R A ( 9 9 9 ) .  R 8 ( 9 9 9 >  , R R ( 9 9 9 )  a X X G (  2 0 0 )  • Y Y G « 2 0 0 } • Y V A ( 4 0 0  
I  )  » Y V B ( 5 0 0 ) , Y V ( 5 0 0 ) , W P A ( 4 3 ) , W P B ( 4 3 ) « A ( 4 3 ) a W P ( 4 3 ) . U ( 4 3 ) « C ( 4 3 ) . 0 ( 4 3 ) .  
2 G ( 4 3 ) , R R 5 ( 1 5 0 ) , Z C 1 5 0 ) , P H I 5 « 1 5 G ) . P H I A 5 ( 1 5 0 ) « R B O N A S C I S O ) . R A 0 N B 5 ( I S O )  
3 « T H i [ S ) , T H A < 5 l  , T H B ( 5 )  
C O M M O N  D E . e . X R . X L .  F S E G . D T A , O T B . O T . P I . F F 2 . F P A 2 . F P B 2 . A L P . B L P . A B L P  
1  a  Y A H »  R M . C Y A H  
C O M M O N  J A ( 3 ) . J 8 ( 3 ) . J A O R B C 3 )  
C 0 M ; 4 0 N  J  M  ,  J H A .  J H B »  J H ,  J 3 «  I  A 8 »  J P »  J H N .  J A 3 M 2 »  J B 3 M 2  « K A . K A A  
C O M M O N  I P M O O E . N O G  
î F d A B . N Ê . l )  G O  T O  5 0  
K A A = K A  
J H = J H A  
J H N - = J H B  
J P = J H + 5  
F P 2 = F P A 2  
J 3 = J A ( 3 )  
ABLP=ALP 
C Y A H = - 1 . 0 D 0  
D O  2 0  1 = 1 . 5  
2 0  P H I 5 (  I  ) = Y V A ( , J A { 3 ) - J A (  2 ) ~ S  +  I  )  
D O  1  1 = 1 . J H  
1  P H I 5 (  I + 5 ) = P H ] [  A 5 (  I  )  
D T = O T A  
oc 2 1 = 1  , J M  
2 RR(I)=RA(I) 
D O  3  1 = 1 . J H N  
3 RRSfil >=RAONH!5< I ) 
D O  4  1 = 1 . K A  
4  W P ( I ) = h P A ( I )  
D O  5  S = 1 , 3  
5  J A O R Q d  )  =  J A (  I  )  
D C  6  I = 1 , J A 3 M 2  
6  y V ( I ) = Y V A ( I )  
R E T U R N  
50 
J H N r = J H A  
K A = K A A  
J P = J H + 5  
D T = D T B  
F P 2 = F P B 2  
J 3  =  J B <  3 J  
A B L P = 8 L P  
CYAH=: 1.00 
D O  4 9  1 = 1 , 5  
4 9  P H  I 5 (  I  ) - - Y V B (  J B ( 3  ) - J B (  2 ) - 5 + 1  )  
O O  5 1  1 = 1 9 J H N  
51 RR5( I )=RBCNA5II I ) 
O C  5 2  1 = 1 , J M  
52 RR(I)=RB(I> 
D O  5 3  1 = 1 , K A  
5 3  W P ( I ) = W P B d l )  
O C  5 4  1 = 1 , 3  
5 4  J A O R a  < I )  =  J B {  I )  
OO 55 I=1,J83M2 
5 5  Y V ( I ) = Y V B ( I )  
RETURN 
E N D  
SUBROUTINE INTGRTCIND1C.1 M.UN,ANS) 
Ï\J O 
o\ 
I M P L I C I T  R E A L  * 8  ( A - H 1 . O - Z )  
C O M M O N  U T { 4 3 « 4 4 )  ,  R A  (  9 9 9  >  .  R S  < : 9 9 9  )  . R R ( 9 9 9 )  » X X G { 2 0 0 J  . Y Y G ( 2 0 0 i « Y V A « 4 0 0  
1  )  »  Y V a  ( 5  0 0  J  .  Y V (  5 0 0 )  .  W P A C  4  3  )  , l t / P 8 (  4 3 Î  • A ( 4 3 ) o W P ( 4 3 ) » U ( 4 3 ) , C ( 4 3 ) < 0 ( 4 3 > .  
2 G (  4 3 i  . R R S C I S C I  )  . Z C  a S O l l  « P H l S f  1 1 5 0 1  « P H I A S i  1 5 0 }  . R B O N A S t  I S O }  * R A O N B 5 (  1 5 0  )  
3 . T H I S ) , T H A C 5 ) . T H B t S )  
C C M M O N  D E  , 8 , X R . X L ®  F S E G . O T A . D T B » D T a P 1 . F P 2 . F P A 2 . F P B 2 . A L P  « B L P » A B L P  
1 • y A H . R M , C Y A N  
C O M M O N  J A C 3 } , J B ( 3 } . J A O R B ( 3 }  
C O M M O N  J M ,  J H A .  J H B o  J H «  J 3  •  I  A S  < , . i P «  J  H N  •  J  A 3 M 2  «  J B 3 M 2  «  K A  •  K A A  
C O M M O N  I P I W 0 D E , N D G  
I F  (  I . N O I  C o N E o  0 }  G O  T O  2  
D O  1  I = 1 » J P  
1  Z ( I ) = P M I 5 ( I ) 4 * 2  
C A L L  D Q S F C D T , Z , Z « J P )  
A N S = F P 2 + Z  C J P J - Z < 3 )  
R E T U R N  ^  
2  I F ( I N O I C . N E . 1 )  G O  T C  6  O  
I F ( I M « N E « . 0 }  G O  T O  4  
D O  3  1 = 1 , J P  
3  Z  (  I  )  =  P H I 5  ( I  )  
C A L L  D Q S F « O T , Z , Z . J P }  
A N S = W P ( 1 }*ZiJ P ) - Z ( 3 }  
R E T U R N  
4  F M = O F L O A T  ( t  I M )  
F M A B = F M * A G L P  
D O  5  1 = 1 , J P  
R R M = R R ( I • J 3 - 5 ) * F M A B  
I F { R R M + 4 4 o D 0 }  4 0 1 * 4 0 1 . 4 0 2  
4 0 2  Z (  I )  =  P H I 5 U  ) * D E X P ( H R M ) » D C O S ( F M * P I * D F L O A T ( I + J 3 - 6 ) / F S E G }  
G O  T O  5  
4 0 1  Z ( I ) = 0 a D 0  
5  C C N T I N U E  
C A L L  D Q S F ( [ D T d Z , Z .  J P }  
A N S = W P ( I M * 1 } * Z ( J P } - Z ( 3 )  
R E T U R N  
6  I F { J A B . N E . 1 >  G O  T O  7  
A  N S = U  T ( I M  +  1 . I N * 1 )  
R E T U R N  
7  A N S = U T ( K A A - I M . K A A + 1 - I N )  
R E T U R N  
E N D  
S U B R O U T I N E  P H I R A B  
I M P L I C I T  R E A L » y  ( A - H . C - Z )  
C O M M O N  U T ( 4 3 . 4 4 f . R A ( 9 9 9 ) , R B ( 9 9 9 J , R R ( 9 9 9 ) « X X G ( 2 0 0 ) . Y Y G ( 2 0 0 ) « Y V A ( 4 0 0  
I  )  ,  Y V B  (  5 0 0  )  » Y V C  5 0 0  )  ,  W P A (  4 3 ) .  W P ' B (  4 3 )  . A ( 4 3 ) . U P ( 4 3 ) « U ( 4 3 ) e C ( 4 3 ) . 0 ( 4 3 ) .  
2 G ( 4 3 )  , R R 5 ( 1 5 0 ) « Z (  1 5 0 ) , P H : 5 ( 1 5 0 ) , P H I A 5 (  1 5 0 ) . R B O N A 5 ( 1 5 0 ) . R A O N B 5 (  I S O )  
3 » T H ( 5 ) . T H A ( 5 ) , T H d ( 5 )  
C O M M O N  0 £ , B . X I R o X U  .  F S E G  .  D T  A  ,  D T  8  .  O T  •  P  I  .  F P 2  .  F P  A  2 .  I F P B 2  .  A L P  .  B L P  .  A B L P  
1 , Y A H , R M , C Y A H  
C O M M O N  ( 3 ) » j e l 3 ) . J A O R B C 3 )  
C O M M O N  J M  .  J H A . J H 8 » J H . J 3  »  I A B »  J P . J H N »  J A 3 M 2 • J 8 3 M 2 » K A , K A A  
C O M M O N  I P M O D E . N O G  
0 0  1 0  1 = 1 . J H N  
P H I = A ( 1 )  
R R R = R R S C I )  
D O  2 0  1 1 = 2 . K A  
F M = D F L O A T  < 1 1 - I Î  
R R M = R R R * F M * A 8 L P  
I F ( R R M + 7 0 . 0 0 ) 2 0 . 2 0 . 1 6  
1 6  P M I = P H I + A ( I I ) * O E X P ( R R M ) * D C O S ( F M » A B L P » P I / 2 . D O )  
2 0  C O N T I N U E  
1 0  P H I S t  I - e - 5 )  = P H I  
R E T U R N  
E N D  
S U B R O U T I N E  P L T P H i  
I M P L I C I T  R E A L - 6 =  8  ( A — H . O - Z )  
C O M M O N  U T ( 4 3 . 4 4 )  . R A ( 9 9 9  )  » R S ( 9 9 9 ) « R R ( 9 9 9 )  . X X G < 2 0 0 J  « Y Y G < 2 0 0 Î  . Y V A C 4 0 0  
I ) «  Y V B ( 5 0 0 ) . Y V [ 5 0 0 ) . W P A t  4 3 )  . W P B ( 4 3 ) . A ( 4 3 ) , B P ( 4 3 ) , U ( 4 3 ) , C ( 4 3 ) , D ( 4 3 ) .  
2 G € 4 3 ) , R R 5 < 1 5 0 ) , Z ( 1 5 0 ) . P H I 5 ( 1 5 0 ) . P H I A 5 ( 1 5 0 ) . R B O N A 5 ( I S O ) . R A O N B 5 C 1 5 0 )  
3 . T H C 5 ) « T H A ( 5 ) . T H B ( 5 )  
C O M M O N  D E e B »  X R . X L  »  F S E G  »  O T A . D T B . O T » P I . F P 2 . F P A 2 o F P G 2 . A L P . B L P . A 8 L P  
l o V A H . H M . C Y A H  
COMMON JA(3 )  1.  JB(3 ) .  JACRB<3} 
C O M M O N  J M . J H A . J H B o J H u  J 3 o I A B  * J P . J H N . J A 3 M 2 >  J B 3 M 2 . K A . K A A  
C O M M O N  I P N O D f E . N D G  
J G = (  J M + N D G - l  J I / N D G  
D O  a  1 = 1 . J M , N O G  
I I = C 1 + N 0 G - 1 ) / N D G  
X X G ( I I ) = D F L O A T ( I - l ) / F S E G  
V Y G d  I  ) = Y A H * C Y A H  
IF( I . G T . J A C R f l < 2 ) « A N D » I . L E . J A O R 8 ( 3 ) )  Y Y G C 1 1  ) = Y V ( I - J A O R B I 2 )  )  
I F d . G T .  J A a R £ U 3 )  )  Y  Y G  <  Î  I )  = P H I  5  (  I  -  J  A O R B  (  3  ) + 5  )  
1  C O N T I N U E  
C A L L  G R A P H ( - J G . X X G »  Y Y G . 0 . 2 ,  1 0 . 1 . 8 . 1 . 0 . 0 . 0 . 0 . ' T H E T A : • . • P H I  Î •  » • P H I  V  
I S  T H E  T A ; « ,  • Y V  ;  •  J  
D O  3  1 = 1 9 J M . N O G  
I A = ( I + N D G - I I / N D G  
V Y G ( I A ) = A C 1 )  
D O  3  1 1 = 2 . K A  
F M - D F L O A T <  I  £ - - 1  )  
R R M = R R (  I  ) * F M * A 8 L P  
Ï F  < R R M < - 7 0 . D 0 J )  3 . 3 , 3 0 1  
0 1  Y Y G Î  I  A )  =  Y Y G (  ] : A )  +  A C  I  I  ) * D E X P ( R R M ) * D C O S ( F M * P I * X X G ( I A ) D  
3  C C N T I N U E  
C A L L  G R A P H S ( " J G . X X G . Y Y G o 3 . 1 0 l  . « P H I ; *  Ï 
R E T U R N  
E N D  
S U B R O U T I N E  C O M P L  
I M P L I C I T  R E A i . * 8  ( A - H , 0 - Z J  
C O M M O N  U T ( 4 3 « 4 4 )  »  R A  (  9 9 9  3 »  R B  I  9 9 9  )  , R R ( 9 9 9 )  .  X X G <  2 0 0 J )  •  Y Y G  < 2 0 0  )  .  Y V  A  {  4 0  0  
I J  .  Y V B  ( 5 0 0 1  •  YViSOO) .  W P A i  4 3  )  .  \MPBl 4 3 )  . A  ( 4 3 )  •  U P  ( 4 3  )  «  U  (  4 3  )  »  C (  4 3  )  •  O  < 4 3  }  .  
2 G ( 4 3 ) , R R 5 ( 1 5  0 ) . Z < 1 5 0 ) , P H I S < 1 5 0 ) « P H I A 5 ( 1 5 0 ) . R B O N A S I 1 5 0 ) . R A O N B 5 < 1 5 0 )  
3 »  T H (  5  >  . T H A ( S ] )  . T H B Î 5  )  
C O M M O N  O E  . B . X R . X L  >  F S E G . O T A . D T E . D T . P I . F P 2 . F P A 2 o F P B 2 « A L P . B L P . A B L P  
1 o Y A H . R M . C Y A H  
C C M M O N  J A ( 3 ) » J 8 ( 3 J ,  J A O R B i [  3 Î  
C O M M O N  J M « J H A . J H B »  J H  » J 3 » I A B . J P . J H N »  J A 3 M 2 . J B 3 M 2 . K A . K A A  
C C M M O N  I P M O D f E . N D G  
J P H = J H A + 1  
V V G C  i >  =  Y V A ( J A ( 3 ) - J A < 2 ) )  
X X G ( 1 ) = D F L O A T ( J A t 3 » - l ) / F S E G  
D O  1 1 = 1 .  J H A  
X X G C I  + 1  )  =  C F L O A T (  I + J A ( 3 ) - 1  i / l r S E G  
1  Y Y G ( I + l ) = P H I A 5 (  I  )  
C A L L  G R A P K - J P H » X X G . Y Y G . 1 , 1 , 1 0 . 1 . 8 . 1 , 0 , 0 , 0 , 0 . « T H E T A ; • « " P H I 5 î • . ' P H I  
1 5  V S  T H E T A  ;  •  •  O L D  ;  •  J  
D O  2  1 = 2 » J P H  
2  Y Y G t  I  J = P H I 5  (  J i + 4 J  
C A L L  G R A P H S ( - J P H . X X G i Y Y G . 3 . 1 0 1 , ' N E W : ' )  
R E T U R N  
E N D  
S U B R O U T I N E  C A R D S ( A , I  1  ,  N O  
I M P L I C I T  R E A L M S  < A - H » 0 - Z >  
D I M E N S I O N  A C l i l )  
K M = I M C - 1  
D O  1  J = l ,  N C  
J M = J — 1  
1  P U N C H  I S a K M . J M , A ( J I  
1 5  F O R M A T * ' A ( ' , 1 3 . ' , * , 1 3 . " J = * . D 2 3 . 1 6 » ' P R O B L E M  N 0 A 1 0 3 .  L  P R U N T Y . 2 1 O A G R  
I O N  , 0 7 - 2 1 - 7 7 '  I  
R E T U R N  
E N D  
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Plotting (j) and 
The program listed beginning on the next page generated Figs. 4-17 
and 4-18 using the and generated by the "second program" of 
Chapter IV as input data. 
I M P L I C I T  R £ A I _ * 8 (  A - H » 0 - 2  î  
D Ï  M E N S I  O N  A A [ 4 3 )  »  A B ( 4 3 )  »  X X G ( I  0 1  Î . V Y G t 1 0 1 f , X X ( 1 2 1 ) , y Y ( 1 2 1 ) , R A ( 1 0 1 ) .  
I T H A C  i  0 1  J  # R a {1 0 1  )  . T H a (  l O l )  
P I = 3 . 1 4 1 5 9 2 6 5 3 5 8 9 7 9 3 0 0  
R E A D  ( 5 . 2 )  K A A . K A 8  
2  F O R M A T  ( 2 1 1 0 >  
R E A D  ( 5 . 1 )  D I E » B . X R . X i L  
1  F O R M A T  ( 4 C l O o 2 )  
W R I T E  ( 6 , 3 )  1 3 E » B . X R , X U . K A A » X A B  
3  F O R M A T  ( 1 X . 4 D 2 3 . 1 6 , 2 1 1 0 )  
R E A D  ( 5 , 5 0 0 )  ( A A ( I ) , 1 = 1 s K A A )  
R E A D  ( 5 , 5 0 0 )  ( A B ( I ) • Ï = 1 o K A S )  
5 0 0  F O R M A T (  1  1 X , D ; 2 3 .  1 6 )  
T H A M = P I - O A T A N ( a / X L )  
THBM= 2.0 0*PI-THAM 
R M = O S Q R T  (  X R * X R  +  D E * O E J  î v )  
X E N D = ( X R + X L / 2 . D 0 ) / R M  K  
X M I O =  X L / 2 . O O / R M  
Y E N D = B / 2 . 0 / R M  
X X G ( 1 ) = - X E N D  
X X G ( 2  J = - X M I D  
X X G < I 3 ) = X M I D  
X X G H  4  ) - = X E N D  
Y Y G d I ) = - Y E N D  
Y Y & ( 2 ) = - Y E \ D  
Y Y G Ï  3 J  =  Y E N D  
Y Y G < 4 ) = Y E N D  
C A L L  G R A P H  ( - 4 , X X G , Y Y G »  0 , 4 « 1 0 « l , a . t » 0 o » 0 . » 0 - , 0 . B » x ; * .  'PHi ( X ) ; ' . ' P H  
I I  C N  S U R F 4 C E  V S  X ; * . « Y V : " )  
N A = I J I N T ( 6 0 . 0 D O + ( X M I O / X E N O j * 6 0 . 0 0 0 ) + l  
N B = 1 2  1 - N A  
W R I T E ( 6 . 4 )  T H A M , T H S M . R M  » X E N D  » X M I D , V E N D »  N A • N 8  
4  F O R M A T ( I X , 6 0 l O . 2 . 2 1  1 O )  
N A M = M A - 1  
N 8 P = N 8 + 1  
D C  5  1 = 1 . 1 2 1  
5  X X ( I ) = - X E N O + O F L O A T < I - l j * X E N C / 6 0 « 0 0  
D O  6  1 = 1 , K B  
6  Y Y ( I ) = - Y E h D  
D O  7  I = N B P , N A M  
7  Y Y (  I  > = D F l _ O A T (  K - 6 1  ) *  (  Y E N D / X M  I D  ) #  (  X E N D ^ Ô O  .  O D O  )  
O O  8  I = N A o l 2 1  
8  Y Y f I ) = Y E N D  
D O  9  1 = 1 . N A M  
R A ( I ) = D L O G ( D S Q R T ( ( X X < I > + X M I D i * * 2 + ( Y Y < I ) + O E / R M + Y E N O J * * 2 ) Î  
9  T H A ( I  } = 0 A T A N 2  f ( X X < I )  +  X M Î O ) » < Y Y ( l > • O E / ' R M + Y E N D J  ) + P I / 2 . 0 0  
D O  1 0  I = N E P . l 2 1  
J = I — N 8  
R B f J ) = D L O G ( D S Q R T ( ( X X ( I ) - X M I D ) * * 2 + ( V Y ( I ) + D E / R M - Y E N D ) * * 2 ) Î  
1 0  T H B ( J  )  =  O A T A N 2 « - {  X X (  I  ) - X M I D J  .  t  Y Y (  I  ) + D E X R M - Y E N D  )  J + P  I / 2 « . D 0  
O O  1 2  1 = 1 , N A M  
X X G { I J = X X t I )  
Y Y G f I J = A A € 1 J  
O O  1 2  1 1 = 2 . K A A  
F M = O F I _ O A T  «  I I - 1  )  
R R A J = « A f  I  ) 4 F M * P I / T H A M  
I F { R R M + 7 0 o D 0 >  1 2 . 1 2 . 1 1  
1 1  Y Y G t l ) = Y Y G ( I ) * A A ( I I ) » D E X P ( R R M ) * D C O S ( F M * P I * T M A ( l i / T H A M I  
1 2  C O N T I N U E  
C A L L  G R A P h 5 ( - N A M , X X G . Y Y G . 3 . 1 0 1 . « P H I A ;  •  )  
O O  1 4  I = N E P , l 2 l  
J = I — N B  
x x G ( j y = x x ( i )  
Y Y G < J )  =  A B « 1  »  
O O  1 4  1 1 = 2 . K A B  
FM^OFLOAT(II-l) 
R H M = R B <  J  ) * F M * P I / T H a M  
I F t R R M + 7 0 o D 0 >  1 4 . 1 4 . 1 3  
1 3  Y Y G ( J ) = Y Y G ( J l + A B C I I ) * D E X P ( R R M j * D C 0 S ( F M » P I * T H 8 ( J ) / T H B M )  
1 4  C C N T I  N U E  
C A L L  G R A P H S ( - N A M »  X X G » Y Y G . 4 ,  1 0 1 . « P H I B ; «  )  
D O  1 6  1 = 1 , N A M  
X X G (  I  )  =  X X ( I )  
Y Y G ( I  )  =  0 « C 0  
D O  1 6  I I = 2 , K A A  
F M ^ O F L Q A T ( I I ~ 1 )  
R R M = R A ( I  ) * F M # P I / T H A M  
J F ( R R M + 7 0 - D 0 i l  1 6 , 1 6 , 1 5  
1 5  V Y G ( I >  =  Y Y G ( I  J ) - A A (  I I  ) * D E X P ( R R M j * D S I N ( F M * P I * T H A ( I  J / T H A M J  
1 6  C O N T I N U E  
C A L L  G R A P H ( - N A M . X X G  * Y Y G o 3 , 1 0 1 « 1 0 . 1 , 8 . 1 * 0 . , 0 .  , 0 . . 0 . » ' X ; * . * P S I ( X ) ; ' ,  
I ' P S I  O N  S U R F A C E  V S  X Î •  ,  " P S  I  A ;  •  J  
D O  1 3  I  =  N e P , ] 1 2 1  
I-NB 
X X G ( J )  =  X X ( 1  J  
V Y G ( J )  =  0 < . D 0  ! V )  
D O  1 8  1 1 = 2 , K A B  ^  
F M ^ D F L G A T ( 1 I - l J  
RRM=RefJj#FM*PI/THBM 
I F  ( R R M + 7 0 . D 0 J I  1 8 , 1 8 , 1 7  
1 7  V Y G J  J ) = Y Y G (  J ) i + A B (  I I  ) = 0 = D E X P ( R n M ) * D S I N ( F M « P I « T H B (  J ) / T H B M )  
1 8  C O N T I N U E  
C A L L  G R A P H S  ( - N A M  »  X X G  o  Y V G ®  4 , l l O l . * P S I B ; »  )  
S T O P  
E N D  
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Plotting Streamlines 
The two programs listed beginning on the next page resulted in 
Fig. 4-19. The first of the two programs computed stream function ijj 
values at points along the soil surface FEDC. It also found the exact 
point where the maximum value of ijJ occurs along FEDC and computed that 
value. These values were punched out on cards. 
The second of the two programs used the data punched by the first, 
as well as the and values, and automatically computed and 
plotted the streamlines of Fig. 4-19. 
O I M E N S  I O N  X ( 1 0 j . Y ( 1 0 ) . P S I ( 1 2 1 ) . X I ( i 2 1 ) , A A ( 4 0 ) . A B ( 4 0 )  
C O M M O N  X . Y . P I o N P O o K A A . K A B . T H A M . T H B M . D E . B . X R . X L . A A . A B . R M . X M I D . V E N D  
E X T E R N A L .  P S D  
P I = 3 . 1 4 1 5 Ç 3  
R E A O ( 5 » 1 ) K A A . K A 6  
1  F O R M A T ( 2 1 1 0  »  
R E A 0 ( 5 . 2 )  D E . B . X R . X L  
2  F O K M A T ( 4 D n 0 . 2 )  
R E A O ( 5 . 3 M A A ( N J . N = l  . K A A )  
R E A O ( 5 . 3 )  ( A B t f N ) . N = l » K A B )  
3  F O R M A T  ( l l X . D 2 3 o l 6 >  
T H A M = P I -  A T A M d B / X L )  
T H B M =  2 o D 0 ' r P I  — T H A M  
R M =  S O R T ( X R * X R + D E * D E )  
X E N D = ( X R + X L / 2 » D 0 ) / R M  
X M I O = X L / 2 « D O X R M  
Y E N D = 8 / 2 . 0 / R M  
m i ) = - X E N D  
X <  2 )  =  - X M I O  
X < 3 ) - X M I O  
X «  4 J = X E N D  
Y  (  I  )  =  - Y E N C  
Y < 2 > = - Y E N 0  
Y ( 3 i = Y E N D  
Y < 4 ) = Y E N D  
N P O = 4  
O X = ( X ( N P O ) - X < l ) ) / l 2 0 «  
D O  7  I X = 1 . 1 2 i  
FM=FLOAT(IX-l ) 
X S = X (  1  )  +  D X * F M  
X I ( I X ) = X S  
P S  1 ( 1 X J  =  P £ J C X S , 0 . )  
W R I T E  ( 6 , 6 )  I X . X S . P S I { I X )  
6  F O R M A T  ( 5 X , I 5 . F 1 0 « S . F 1 4 . 8 ;  
7  C O N T I N U E  
I<=1 
D O  8  J = 2 »  1 2 0  
a  I F ( P S  I  ( J  J o G T . P S I ( K )  J  K = J  
X U I = X I C K - l >  
X R I = X I ( K +  1 )  
EPS=1.OOE-05  
ieND=20 
C A L L .  R T M I  d X Z . F Z .  P S D  , X L  I  « X R I  . E P S ,  !  E N D .  1 E R )  
P S N = P S J ( X Z , 0 . )  
W R I T E  X Z . F Z . I E R . P S M  
9  F O R M A T  ( 5 X , F l O « 5 . F 1 O - 5 . I 5 . F I 5 « a >  
D O  1 1  I O=Jl» 1 2 1  
1 1  P U N C H  1 2 « H O . X I ( I D ) • P S I f I D  }  
1 2  F O R M A T  < • ! = • . I 5 » 5 X . « X I ( ! ) = • . F 1 0 « 7» 5 X , « P S I ( I> = • . F l 2 « a , • S T R M  F C T N  V A  
I L U E S  A T  S U R F  .  -  )  
P U N C H  1 3 . P S M . X Z  
1 3  F O R M A T  ( " M A X  V A L  O F  P S  I = •  . F 1 2 . 8 » 5 X • • A T X = • . F 8 . 5 )  
S T O P  
END 
F U N C T I O N  P S J < X Y » V A )  
C O M M O N  X f l O J . V f l O Î . P I  « N P O  .  K A A , K A B « T H A M »  T H B M . D E , 8 . X R . X L « A A  I  4 O > , A B ( 4  
1 0 J » R M » X M I 0 » Y E N D  
D O  1  J =  1  .  N P O  
1  I F (X Y . G E . X I N P O - J ) )  G O  T O  2  
2  J J = N P C - J  
Y X = Y ( I J ) X Y - X C I J ) ) » ( Y ( I J + 1 ) - Y ( I J ) ) / ( X ( I J + l } - X ( I J ) )  
P S J = 0  « 0  
P S A = 0 . 0  
P S B = 0 . 0  
I F ( X V . L E . X ( 2 ) a  G O  T O  3  
I F ( X Y . G E . X ( 3 ) )  G O  T O  6  
3  D O  5  M = 2 . K A A  
F M ^ F L O A T  C  M - 1 I  
R R M = R R A M ( X Y , Y X ) * F M  
l F t R R M + 7 0 » O i  5 . 5 , 4  
4  P S A = P S A — A A ( M J  # E X P « K R M > » S I N ( T H A ( X Y  » Y X > * F M )  
5  C O N T I N U E  
I F ( X Y . L E o X ( 2 J Ï  G O  T O  9  
6  D O  8  M = 2 * K A 8  
F M = F J _ O A T «  M - l  J l  
R R M = R R 8 M C > Y » V X Ï * F M  
£ F C R R M + 7 0 - 0 >  8 . 8 . 7  
7  P S e = P S 8 + A f i l M j * E X P J R R M ) # S I N i Ï H B I X Y » Y X ) « F M )  
a  C C N T I N U E  
9  1 F { X Y  . L E . X i  2  l l  J  G O  T O  1 0  
I F  ( X Y - G E « X < 3 ] i  )  G O  T O  i  1  
P S J = (  (  1  . 0 + X Y / ' X ( 2 )  S * P S A - J - « 1  . 0 > X Y / ' X t 3 )  ) * P S 8 ) / 2 . 0  
G C  T O  1 2  
1 0  P S J - P S A  
G O  T O  1 2  
1 1  P S J = P S B  
liî C C N T I N U E  
P S J = P S J - V A  
R E T U R N  
E N D  
F U N C T I O N  P S D C X Y )  
C O M M O N  X l l O J i Y C l O J . P I  .  N P O  .  K < *  A  .  K  A  B  »  T «  A M  .  T H B M  •  D E  .  B  o  X R  •  X L  «  A  A  ( 4 0 ) » A B { 4  
1 0 )  , R M » X M I C , Y £ : N D  
D O  1  J = l , h P O  
1  I  F ( X Y e G E » X ( N F > 0 - J )  >  G O  T O  2  
2  I J = N P C - J  
Y X = Y (  I J  )  +  < X Y - X {  Ï  J  )  )  * ( [  Y d  J J  +  l  ) - Y (  I J ) j / ( X ( I J  +  l ) - X ( I J ) a  
D V X = (  Y ( I J  +  1 > - Y ( I J ) J / ' { X < I J  +  1 ) - X ( I J J )  
R A 5 a = ( X Y * X M I O ) * * 2 + ( D Y X * X Y + D E / R M + Y E N D ) * * 2  
R B S Q = ( X Y - % M I D ) * * 2  +  ( D Y X  +  X Y  + D E / R M - Y E N D ) * * 2  
C O E F l = X Y + X M I O + ( D Y X * X Y + D E / R M » Y E N D ) * D Y X  
C O E F 2 = D E / f i M + V E N D - X M I D » D V X  
C O E F 3 = X Y - X M I D + ( O V X * X Y + D E / R M - Y E N D * * D Y X  
C O E F 4 = — D E / R M ^ Y E N D — X M I D * D Y X  
T R 1 A = 0 . 0  
T R 2 A = 0 . 0  
T R I B = 0 » 0  
T R 2 S = 0 o 0  
D O  3  M = 2 , K A A  
FM= F I _ C A T (  M - 1 )  
R R K = R f ! A M C  J < V ,  Y X ) # F M  
T R I A = T R I A + A A ( M ) * E X P ( R R M } * S I N  Î T H A « X Y , Y X ) * F M )  
T R 2 A = T R 2 A + A A ( M ) » ( F M * P I / T H A M j » E X P { R R M ) * ( C 0 E F l * S I N ( T H A ( X Y , V X ) * F M ) +  
1 C O E F 2 4 C O S ( T H A ( X Y , Y X ) * F M ) )  
3  C O N T I N U E  
D O  4  M = 2 , K A B  
F M = F I _ G A T (  M - l  >  
R R M = R R 8 M ( X Y , Y X ) » F M  
T R I B = T R 1  B + A a i (  M J * E X P < R R M  Î * S I N  (  T H B  (  X Y ,  Y X  J  * F M  J  
T R 2 e = T R 2 B + A B [ M ) * ( F M » P I / T H B M ) » E X P ( R R M ) » ( C C E f 3 * S I N ( T H 8 ( X Y . Y X ) * F M > +  
l C O E F 4 * C O S ( T H 8 ( X Y « V X ) * F M j )  
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1 * 1  # T H A M . T H a M „ R M . O E . X M I O i . Y E N O . K A A . K A B  
l F ( J S « N E o 3 l  G O  T O  1  
X A = X X  
Y A = F L C A T C  I Y }  +  O Y  
G O  T O  4  
1  I F ( J S - N E o 4 )  G O  T O  2  
Y A  =  X X  
X A = F L O A T ( I X ) * D X + X { l )  
G O  T O  4  
2  I F ( J S . N E o l J  G O  T O  3  
X A  =  X X  
Y A = F L O A T Î  I Y < - 1 .  ) * D Y  
G O  T O  4  
3  I F ( J S . N E o 2 >  S T O P  
Y  A - X X  
X A = F L O A T (  I X  +  1  ) * D X * X ( l J  
4  P S F = 0 » 0  
P S F A = 0 «  O  
P S F B = O e O  
I F ( X A » L E o ~ X M I D )  G O  T O  5  
I F C X A . G E o X M I D )  G O  T O  8  
5  D O  7  M = 2 , K A A  
F M = F L O A T Î M - l 1  
R R M = R R A M 4  X A . V A Î ^ F M  
I F l R R M + 7 0 « 0 >  7 . 7 . 6  
6  P S F A = P S F A - A A ( ; M > # E X P C R R M J = C S I H (  T H A  ( X A .  Y A I  » F M )  
7  C C N T I N U E  
I F  C X A  .l_ E o - X M K O >  G O  T O  i l  
8  D O  1 0  M = 2 . K A H  
FM=FLCATi M-l J) 
RRM=RRBM tXA.VAI«FM 
l F { R R M + 7 0 . 0 )  1 0 . 1 0 , 9  
9  P S F e= P S F 6  +  A 8 < :  M  ) * E X P < R R M ] * S I N (  T H 8 ( X A , Y A 3 * F M )  
10 CCNTINUE 
1 1  Ï F  ( X A  « L E < . - X M l t O  )  G O  T O  1 2  
I F  ( X A . G E . X M I C ) }  G O  T O  1 3  
P S F = { ( 1 « 0 - X A / X M I O Î * P S F A f l - ( 1 . 0 + X A / X M I D ) * P S F 8 ) / 2 . 0  
G O  T O  1 4  
12 PSF=PSFA 
G O  T O  1 4  
13 PSF=PSFB 
14 CONTINUE 
P S F = P S F - F L O A T ( N M — 1 + 1 ) * D P S  
R E T U R N  
E N D  
FUNCTICN RRAM(XRA.YRA) 
COMMON X( 10)>Y(10>.PI« NPO.YY,OX.OY« I X. 1 Y,JS«K.NM«DPS.AA(43)« AB(43) 
l o i  . T H A M , T H B M , R M . D E . X M I D . Y E N O o K A A . K A B  
A N S = A L O G ( S Q R T ( ( X R A + X M I D ) * * 2 + ( Y R A + O E / R M + Y E N D 3 # » 2 ) ) # P I / T H A M  
R R A M = A N S  
R E T U R N  
E N D  
F U N C T I O N  T H A C X T A . Y T A )  
C O M M O N  X t l O J . Y d O J . P I  .  N P O  .  Y V  ,  O X  •  D Y  »  I  X ,  I  Y  ,  J S  .  K  »  N M o  D P S  •  A  A (  4 3  >  »  A 8 (  4 3  )  
t f >  I  , T H A M , T H B M « R M , D E .  X M I  D  «  Y E N D  »  K  A  A  o K  A B  
T H A = ( A T A N 2 ( ( X T A + X M I D ) • ( V T A + O E / R M + Y E N D ) ) + P I / 2 . 0 ) * P I / T H A M  
R E T U R N  
E N D  
F U N C T I O N  R R S M C X R B o Y R B )  
C O M M O N  X C  l O )  I .  Y { 1 0 J » P I  . N P O .  Y  Y  »  O X ,  D Y .  I  X .  I  Y  a  J S  .  K  . N  M  »  D P S  .  A  A t  4 3 ) « A B ( 4 3 )  
l o i  , T H A M » T H B M « ,  R M . D E . X M I D o Y E N O . K A A . K A B  
A N S = A L O G C  S O R T  (  (  X R 8 - X M I O J » * 2 + (  Y R B  * D E / ' R  M ~ Y £ N O  J * * 2  )  3  * P I  ^ T H B M  
R R 8 M = A N S  
R E T U R N  
E N D  
F U N C T I O N  T H 8 C X T B « Y T B )  
C O M M O N  X 1 1 0 > „ Y < 1 0 9 . P I  . N P O , Y Y . D X . D Y  .  I X e I  Y  »  J S  » K . N M 9  D P S  »  A A C 4 3 ) e  A 8 ( 4 3 )  
l o i  , T H A M . T H B M , . R M . D E . X M I D o Y E N D » K A A .KAa 
T H S = (  A T A N 2 C - ( :  X T B - X M  I D  1  .  ( Y T B ^ D E / R W - Y E N D )  )  + P I / 2 . 0 ) # P % / T H B M  
R E T U R N  
E N D  
